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1 Introduction 

Special Lagrangian m-folds (SL m- folds) are a distinguished class of real m- 
dimensional minimal submanifolds which may be defined in C™, or in Calabi- 
Yau m-folds, or more generally in almost Calabi~Yau m-folds (compact Kahler 
m-folds with trivial canonical bundle). We write an almost Calabi-Yau m-fold 
as M or {AI, J,uj,il), where the manifold M has complex structure J, Kahler 
form Lo and holomorphic volume form fl. 

This is the fourth in a series of five papers [3 |H1 El EI] studying SL m-folds 
with isolated conical singularities. That is, we consider an SL m-fold X in an 
almost Calabi-Yau m-fold M for m > 2 with singularities at xi,. . . ,Xn in M, 
such that for some special Lagrangian cones Ci in T^-M = C™ with Ci \ {0} 
nonsingular, X approaches Ci near Xi in an asymptotic sense. Readers are 
advised to begin with the final paper which surveys the series, and applies 
the results to prove some conjectures. 

The first paper [7] laid the foundations for the series, and studied the reg- 
ularity of SL m-folds with conical singularities near their singular points. The 
second paper (8j discussed the deformation theory of compact SL m-folds X 
with conical singularities in an almost Calabi-Yau m-fold M. 

The third paper "5" and this one study desingularizations of compact SL 
m-folds X with conical singularities. That is, we construct a family of compact, 
nonsingular SL m-folds TV* in M for t G (0, e] with iV* X as i ^ 0, in the 
sense of currents. In ,9 we did this for simple situations, working in a single 
almost Calabi-Yau m-fold (M, J, w, $7), and making topological assumptions to 
avoid problems with obstructions to the existence of A^*. 

This paper extends the results of 9^ to more complicated situations, in 
which there are topological obstructions to the existence of desingularizations 
N*' of X, and to desingularizations in families of almost Calabi-Yau m-folds 
(M, J^w^^7^) for s(zT. 

Having a good understanding of the singularities of special Lagrangian sub- 
manifolds will be essential in clarifying the Strominger-Yau-Zaslow conjecture 



on the Mirror Symmetry of Calabi-Yau 3- folds jj^lj and also in resolving conjec- 
tures made by the author [5] on defining new invariants of Calabi-Yau 3-folds 
by counting special Lagrangian homology 3-spheres with weights. The series 
aims to develop such an understanding for simple singularities of SL m-folds. 

Here is the basic idea of [S]. Let X be a compact SL m-fold with conical 
singularities xi,...,Xn in an almost Calabi-Yau m-fold {M, J,u},il). Choose 
an isomorphism Vi : C™ —>■ T^-M for i = 1, . . . ,n. Then there is a unique SL 
cone Ci in C™ with X asymptotic to Vi{Ci) at Xi. Let Li be an Asymptotically 
Conical SL m-fold [AC SL m-fold) in C™, asymptotic to Ci at infinity. 

Now tLi = {^x : X £ Li] is also an AC SL m-fold asymptotic to Ci for 
t > 0. We construct a 1-parameter family of compact, nonsingular Lagrangian 
m-folds A''* in (M, cj) for t S (0, 5) by gluing tLi into X at Xi. When t is small, 
iV* is close to being special Lagrangian, but also close to being singular. We 
prove using analysis that for small t we can deform TV* to a special Lagrangian 
m-fold iV* in M, using a small Hamiltonian deformation. 

In this paper we shall study the following issues, not tackled in The 
AC SL m-folds Li have topological invariants Y{Li), Z{Li) defined in 
which measure the relative de Rham cohomology classes of u! and Imfi in 
F'=(C'",L,;K). In we assumed that Y{L,) = for i 1, . . . , n. Section 
Elshows how to extend the results of Pj to the case Y{Li) ^ 0, so that they are 
applicable to a much larger class of AC SL m-folds. 

Doing this is a problem in symplectic geometry. If Y{Li) — then we can 
choose the Lagrangian m-folds A^* to coincide with X away from Xi, and work 
locally near Xi. But if Y{Li) ^ we cannot do this. Instead, we must define 
A^* away from Xi as the graph of a closed 1-form on A' = X \ {xi, . . . ,Xn} 
with nonzero cohomology class, and there can be topological obstructions to the 
existence of N* as a Lagrangian m-fold. 

In f|7| and ^ we extend the results to smooth families of almost Calabi- 
Yau m-folds (Af, J^tj",17"), for s e T CR'^ with € T and (M, J,a;,^2) = 
(M, j", r2°). It turns out that the cohomology classes [ui'^] and [ImfJ**] con- 
tribute to the obstruction equations involving Y(Li) and Z{Li) for the existence 
of desingularizations iV* . 

Because of this, it can happen that a singular SL m-fold X in (A/, J, uj, il) ad- 
mits no desingularizations A"* in (Af, J, cj, but does admit desingularizations 
A^"'* in (Af, J^jW*, ri*) for small s ^ 0. Thus we can overcome obstructions to 
the existence of desingularizations by varying the underlying almost Calabi-Yau 
m-fold {M,J,u,n). 

We begin in [2|with an introduction to special Lagrangian geometry. Sec- 
tions U] and 2] define SL m-folds with conical singularities and Asymptotically 
Conical SL m-folds, and review results we need from 7 . Section |31 recalls and 
discusses the major definitions and theorems from the previous paper 

The new material of the paper is Section generalizes the results of 

|H] to the case when Y{Li) ^ 0, and JTlto families of almost Calabi-Yau m-folds 
{M, J'^ jUj" ,^1") when Y{Li) = 0. Finally considers the most complicated 
case, in families (Af, ,lo^ , Vl^) when Y{Li) ^ 0. 

For simplicity we generally take all submanifolds to be embedded. However, 
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all our results generalize immediately to immersed submanifolds, with only cos- 
metic changes. 

Other authors have also desingularized SL m-folds using gluing techniques. 
Those known to me are Salur ^1^], Butscher [2] and Lee 0], which were 
discussed in §1]. They all involve connect sum constructions in Calabi-Yau 
m-folds or C™, rather than the more general kinds of singularities we consider. 

Acknowledgements. I would like to thank Stephen Marshall, Sema Salur and 
Adrian Butscher for useful conversations. I was supported by an EPSRC Ad- 
vanced Research Fellowship whilst writing this paper. 

2 Special Lagrangian geometry 

We introduce special Lagrangian submanifolds (SL m-folds) in two different geo- 
metric contexts. First, in H2.ll we define SL m-folds in C™. Then t |2. 21 discusses 
SL m-folds in almost Calabi-Yau m-folds, compact Kahler manifolds equipped 
with a holomorphic volume form, which generalize Calabi-Yau manifolds. Some 
references for this section are Harvey and Lawson 3 and the author 

2.1 Special Lagrangian submanifolds in 

We begin by defining calibrations and calibrated submanifolds, following 0. 

Definition 2.1 Let {M,g) be a Riemannian manifold. An oriented tangent 
k-plane V on M is a vector subspace V of some tangent space T^M to M with 
dim V = k, equipped with an orientation. If V is an oriented tangent /c-plane on 
M then g\v is a Euclidean metric on y, so combining g\v with the orientation 
on V gives a natural volume form voly on V , which is a fc-form on V . 

Now let If he a. closed fc-form on M . We say that is a calibration on M if 
for every oriented fc-plane y on M we have ip\v ^ voly. Here (p\v — a ■ voly 
for some a G M, and •f\v ^ voly if a ^ 1. Let N be an oriented submanifold 
of M with dimension fc. Then each tangent space T^N for x € N \s, an oriented 
tangent fc-plane. We say that is a calibrated submanifold if f\T^N = voIj-^at 
for all X e N. 

It is easy to show that calibrated submanifolds are automatically minimal 
submanifolds 3, Th. II. 4. 2]. Here is the definition of special Lagrangian sub- 
manifolds in C™, taken from [2| §111]. 

Definition 2.2 Let C™ have complex coordinates (zi, . . . , Zm), and define a 
metric g' , a real 2-form uj' and a complex m-form fl' on C™ by 

5' = |dzipH h|dz„jp, w' = |(dzi A dzi H h dz,„ A dz,„), 

and Q' = dzi A • • • A dz^. 

Then Reil' and ImSl' are real m- forms on C™. Let L be an oriented real 
submanifold of C™ of real dimension m. We say that L is a special Lagrangian 
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submanifold of C™, or SL m-fold for short, if L is calibrated with respect to 
ReJl', in the sense of Definition 12. II 

Harvey and Lawson ^ Cor. III. 1.11] give the following alternative charac- 
terization of special Lagrangian submanifolds: 

Proposition 2.3 Let L be a real m- dimensional submanifold of C". Then L 
admits an orientation making it into an SL submanifold of C" if and only if 
uj'\l = and Iml7'|i = 0. 

An m-dimensional submanifold L in C™ is called Lagrangian ii uj'\l = 0. 
Thus special Lagrangian submanifolds arc Lagrangian submanifolds satisfying 
the extra condition that Imfi'li = 0, which is how they get their name. 

2.2 Almost Calabi— Yau m- folds and SL m- folds 

We shall define special Lagrangian submanifolds not just in Calabi- Yau mani- 
folds, as usual, but in the much larger class of almost Calabi-Yau manifolds. 

Definition 2.4 Let m ^ 2. An almost Calabi-Yau m-fold is a quadruple 
{M, J,uj,fl) such that {M,J) is a compact m-dimensional complex manifold, 
u) is the Kahler form of a Kahler metric g on M, and is a non-vanishing 
holomorphic (m, 0)-form on M. 

We call (M, J, w, fi) a Calabi-Yau m-fold if in addition u and 17 satisfy 

cj"/m! = (-l)™('"-i)/2^i/2)'"f^ A n. (2) 

Then for each x ^ M there exists an isomorphism T^M = C™ that identifies 
gx,^x and ^Ix with the flat versions g',uj',Q' on C™ in (Q. Furthermore, g is 
Ricci-flat and its holonomy group is a subgroup of SU(m). 

This is not the usual definition of a Calabi-Yau manifold, but is essentially 
equivalent to it. 

Definition 2.5 Let (Af, J, w, il) be an almost Calabi-Yau m-fold, and N a real 
m-dimensional submanifold of M. We call N a special Lagrangian submanifold, 
or SL m-fold for short, ii uj\n = lmil\N = 0. It easily follows that Reri|jv is a 
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in 
which Reill^v is positive. 

Again, this is not the usual definition of SL m-fold, but is essentially equiv- 
alent to it. Suppose {Al, J,LU,n) is an almost Calabi-Yau m-fold, with metric 
g. Let -0 : M — > (0, oo) be the unique smooth function such that 

^'^"^^"Vm! = (-l)"(™-i)/2(i/2)™l] A n, (3) 

and define g to be the conformally equivalent metric i/j'^g on M. Then Re f7 is a 
calibration on the Riemannian manifold (M, g), and SL m-folds N in (Af, J, w, f2) 
are calibrated with respect to it, so that they are minimal with respect to g. 
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If M is a Calabi-Yau m-fold then if; = lhy ^,so g = g, and an m- 
submanifold A'' in M is special Lagrangian if and only if it is calibrated w.r.t. 
Re J7 on (M, g), as in Definition This recovers the usual definition of special 
Lagrangian m-folds in Calabi-Yau m-folds. 

The deformation theory of special Lagrangian submanifolds was studied by 
McLean §3], who proved the following result in the Calabi-Yau case. The 
extension to the almost Calabi-Yau case is described in [HI §9.5]. 

Theorem 2.6 Let N be a compact SL m-fold in an almost Calabi-Yau m-fold 
{M, J, CO, Q). Then the moduli space Al„ of special Lagrangian deformations of 
N is a smooth manifold of dimension b^{N), the first Betti number of N. 

We shall often consider families of almost Calabi-Yau m-folds. 

Definition 2.7 Let {M, J,u},^l) be an almost Calabi-Yau m-fold. A smooth 
family of deformations of (M, J, w, fi) is a connected open set T CM.'^ for d ^ 
with e called the base space, and a smooth family | (M, J", w^, il") : s e JT} 
of almost Calabi-Yau structures on M with ( j", w'', £7") = ( J,uj,n). 

If is an SL m-fold in {M, J, oj, fl), the moduli spaces of deformations of N 
in each (M, J'' ,oj'^ for s £ fit together into a big moduli space 

Definition 2.8 Let {{M, ,uj^ : s E JF} be a smooth family of defor- 
mations of an almost Calabi-Yau m-fold (M, J, uj, SI), and be a compact SL 
m-fold in (M, J, Wjfi). Define the moduli space of deformations of N in 
the family J- to be the set of pairs (s, N) for which s E J- and N \s a compact SL 
m-fold in (M, J'^ ,ui'' ,0.'^) which is diffeomorphic to N and isotopic to TV in M. 
Define a projection tt^ : Ai% — > by 7r^(s,iV) — s. Then has a natural 
topology, and tt^ is continuous. 

The following result is proved by Marshall Th. 3.2.9], using similar 
methods to Theorem 12 .61 

Theorem 2.9 Let {(M, J^, w", fi") : s E J-} be a smooth family of deforma- 
tions of an almost Calabi-Yau m-fold {M, J,u!,fl), with base space J- C R'^. 
Suppose N is a compact SL m-fold in {M, J,uj,n) with [uj^\n] = in H''^(N,M.) 
and [Imf2'*|Af] — in H"^{N,M.) for all s E Let M% be the moduli space of 
deformations of N in T , and t:^ : M.^ ^ T the natural projection. 

Then is a smooth manifold of dimension d -\- b^ {N) , and tt^ : — > JF 
a smooth submersion. For small s E T the moduli space Ai% = {■n^)^^{s) of 
deformations of N in {M, ,U!^ is a nonempty smooth manifold of dimen- 
sion b^{N), with = M,^. 

This describes the obstructions to the existence of SL m-folds when we de- 
form the underlying almost Calabi-Yau m-fold. 
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3 SL m-folds with conical singularities 



The preceding papers [7| |S1 15] defined and studied compact SL m-folds X with 
conical singularities in an almost Calabi-Yau m-fold (M, J, w, fl). We now recall 
the definitions and results from 7 that we will need later. For brevity we shall 
keep explanations to a minimum, and readers are referred to [7] for further 
discussion and motivation. 

3.1 Preliminaries on special Lagrangian cones 

Following Ul §2.1] we give definitions and results on special Lagrangian cones. 

Definition 3.1 A (singular) SL m-fold C in C™ is called a cone \i C ~tC for 
all t>Q, where = {tx : x G C}. Let C be a closed SL cone in C™ with an 
isolated singularity at 0. Then E = CC\S'^'^~^ is a compact, nonsingular (to— 1)- 
submanifold of S^"^^^ ^ not necessarily connected. Let 175; be the restriction of 
g' to S, where g' is as in (^). 

Set C = C\ {0}. Define t : S x (0, 00) -> C™ by i(cr, r) = ra. Then i has 
image C . By an abuse of notation, identify C with S x (0, 00) using i. The 
cone metric on C" ^ S x (0, 00) is g' = i*{g') = dr^ + r^g^. 

For a G M, we say that a function u : C" — > M is homogeneous of order 
a if u o t = t^u for all t > 0. Equivalently, u is homogeneous of order a if 
zi(cr, r) = r"u((T) for some function w : E — > R. 

In Ul Lem. 2.3] we study homogeneous harmonic functions on C . 

Lemma 3.2 In the situation of Definition \3.J[ let u{a,r) = r"v{(7) be a homo- 
geneous function of order a on C = T, x (0, 00), for v G C^(I]). Then 

Au(tT, r) = r"~^ (AsU - a{a + to - 2)v) , 

where A, are the Laplacians on (C',g') and (S, gj;). Hence, u is harmonic 
on C if and only if v is an eigenfunction of A^ with eigenvalue a{a-\-m — 2). 

Following 7, Def. 2.5], we define: 
Definition 3.3 In the situation of Definition 13. II suppose m > 2 and define 

Vj^ = |a G M : a{a + to — 2) is an eigenvalue of Aj^}. (4) 

Then is a countable, discrete subset of R. By Lemma 13.21 an equivalent 
definition is that "D^ is the set of a G M for which there exists a nonzero homo- 
geneous harmonic function u of order a on C". 

Define ■ — > N by taking TOs(a) to be the multiplicity of the eigen- 
value a{a -\- m — 2) of A^, or equivalently the dimension of the vector space of 
homogeneous harmonic functions u of order a on C . Define N-^ : R ^ Z by 

Nj:iS) = - TOs(a) if 5 < 0, and N^{d) = ^ m^{a) if (5 > 0. 
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Then is monotone increasing and upper semicontinuous, and is discontinuous 
exactly on T)^, increasing by ms{a) at each a € T)^. As the eigenvalues of 
are nonnegative, we see that I?s n (2 — m, 0) = and iV^ = on (2 — m, 0). 

3.2 The definition of SL m- folds with conical singularities 

Now we can define conical singularities of SL m-folds, following Def. 3.6]. 

Definition 3.4 Let [M, J^uj^^) be an almost Calabi-Yau m-fold for to > 2, 
and define ^ : M (0, oo) as in (|3J|. Suppose X is a compact singular SL 
TO-fold in M with singularities at distinct points xi, . . . ,a;„ G X, and no other 
singularities. 

Fix isomorphisms Vi : C™ T^-M for i = 1, . . . ,n such that v*{uj) = u' 
and v*{n) = i^{xi)"^Q', where w', are as in QJ. Let Ci, . . . , C„ be SL cones 
in C™ with isolated singularities at 0. For i — 1, . . . ,n let T,i — (7^0 5^™"^, and 
let fii € (2,3) with (2,//^] H = 0, where V^. is defined in I^J. Then we say 
that X has a conical singularity at Xi, with rafe /i^ and cone Ci for i = 1, . . . , n, 
if the following holds. 

By Darboux' Theorem TT, Th. 3.15] there exist embeddings : Bj^ M 
for I = 1, . . . ,n satisfying Ti(0) = x^, dTi|o = Vi and T,*(a;) — w', where B/j 
is the open ball of radius R about in C™ for some small R > 0. Define 
: Sj X (0, R) — > Bj^ by Li{a, r) — ra for i — 1, . . . ,n. 

Define X' — X\{xi, . . . , a;„}. Then there should exist a compact subset K C 
X' such that X'\iir is a union of open sets Si, . . . ,Sn with Si C Ti{B]i), whose 
closures Si, . . . , Sn are disjoint in X. For i = 1, . . . , n and some R' G (0, i?] there 
should exist a smooth 0^ : x (0, R') B^ such that Tiocjji : Ej x (0, R') — > M 
is a diffeomorphism x (0, R') Si, and 

|v'^'(0i-tO| =0^'"^"'') as r for fc = 0,1. (5) 

Here V, | . | are computed using the cone metric i*{g') on x (0, R'). 

The reasoning behind this definition was discussed in 7, §3.3]. We suppose 
TO > 2 for two reasons. Firstly, the only SL cones in arc finite unions of 
SL planes in intersecting only at 0. Thus any SL 2-fold with conical 
singularities is actually nonsingular as an immersed 2-fold, so there is really no 
point in studying them. 

Secondly, to = 2 is a special case in the analysis of V, §2], and it is simpler 
to exclude it. Therefore we will suppose to > 2 throughout the paper. We will 
need the following tool [3 Def. 2.6], a smoothed out version of the distance from 
the singular set {xi, . . . , x„} in X. 

Definition 3.5 Let {M,J,uj,U,) be an almost Calabi-Yau TO-fold and X a 
compact SL TO-fold in M with conical singularities at xi, . . . and use the 
notation of Definition 13.41 Define a radius function p on X' to be a smooth 
function p : X' (0, 1] such that p = 1 on K and p{y) — d{xi,y) for y € Si 
close to Xi, where d is the metric on X. Radius functions always exist. 
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3.3 Homology, cohomology and Hodge theory 

Next we discuss homology and cohomology of SL m-folds with conical singular- 
ities, following [3 §2.4]. For a general reference, see for instance Bredon pQ. 
When y is a manifold, write H''{Y,M.) for the k^^ de Rham cohomology group 
and iJ^s(y, M) for the k^^ compactly- supported de Rham cohomology group of 
Y. If Y is compact then i?'=(y,R) = Hl^jY^R). The Betti numbers of Y are 
6'=(F) = dimi?'=(y,M) and b^,(Y) = dimiJ^^,(y,R). 

Let F be a topological space, and Z cY a subspace. Write Hk{Y, R) for the 
k^^ real singular homology group of Y , and Hk{Y; Z, R) for the fc"' real singular 
relative homology group of {Y; Z). When 1" is a manifold and Z a submanifold 
we define Hk{Y,M.) and Hk{Y; Z,M.) using smooth simplices, as in P §V.5]. 
Then the pairing between (singular) homology and (de Rham) cohomology is 
defined at the chain level by integrating fc-forms over fc-simplices. 

Suppose X is a compact SL m-fold in M with conical singularities Xi, . . . , x„ 
and cones Ci, . . . , C„, and set X' = X \ {xi, . . . , Xn} and = Ci fl ^^m-i 
in W6.2\ Then by [3 §2.4] there is a natural long exact sequence 

n 

> H^^{X\M.) ^ H''{X\M.) ^ ^H''{^,,M.) ^ H^+\X\M.) ^ ••• , (6) 

i=l 

and natural isomorphisms 

Hk{X;{xi,...,Xn},M.y^Hi{X',R)^H^^kiX\R)^H"'~''{X',R)* (7) 
and H^^{X\R) = Hk{X,Ry for all k > 1. (8) 

The inclusion t : X ^ M induces homomorphisms t, : i?fe {X, R) {M, R) . 

If (Y, g) is a compact Riemannian manifold, then Hodge theory shows that 
each class in H^{Y^R) is represented by a unique fc-form a with da = d*a = 0. 
Here is an analogue of this on X' when fc = 1, given in 7". Th. 5.4]. 

Theorem 3.6 Let {M, J,u},Vt) he an almost Calahi-Yau m-fold, and define 
■)/' : M — » (0,oo) as in Q. Suppose X is a compact SL m-fold in M with 
conical singularities at xi, . . . , Xn, and let X' , K, R' ,T,i,Ti, Si and fii be as 
in Definition \3.4\ ^^s. as in Definition \3.3[ and p as in Definition \3.5\ Define 

Fx' = {a e C°° {T*X') : da = 0, d* (7/>™a) = 0, 

\\7''a\=0{p-^-'') for k^O}. 

Then tt ; Yx' L[^{X' ,R) given by w : a^—^[Q] is an isomorphism. Furthermore: 

(a) Fix a e Yx' ■ By Hodge theory there exists a unique 7; £ C°° {T*T,i) with 
d'ji = d*7i = for i = 1, . . . , n, such that the image of 7r(a) under the 
map H\X',R) 0"^^ i7i(I]„ R) of © is ([71], . . . , . There exist 
unique Ti £ C°° (E.; x (0, i?')) for i = 1, . . . , n such that 
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(Ti o (a) =7r*(7i) + dTi on x (0, R') for i ^ 1, . . . ,n, and (10) 

, , as r 0, for all k ^ and 

V'^r,(a,r)=0(r''-'=) '\ (11) 

e (0, fit - 2) wzi/i (0, i^i] n = 

(b) Suppose "fi £ C°°(T*Si) with d'ji = d*7i = /or i = 1, . . . ,n, and the 
image of ([71], . . . , [7„]) linder 0"^^ ifi(S„ R) H^JX',R) in ® is 
[P] for some exact 2- form (3 on X' supported on K. Then there exists 
a e C°°{T*X') with da = /?, d*(V''"a) = and [V'^al = 0{p-^-'') for 
k^O, such that ^ and ^ hold for T, £ C°°(E, x (0, R')) . 

(c) Let f e C°°(X') with |V''7| = 0(p-i~'=) /or fc ^ and J^, fdV = 0. 
Then there exists a unique exact 1-form a on X' with d*{ip"^a) — f and 
\V''a\ = Oip-^-'') for k ^ 0, such that ^ and ^ hold for 7^ = 
and Ti e C~(Si x {0,R')). 



3.4 Lagrangian Neighbourhood Theorems and regularity 

We recall some symplectic geometry, which can be found in McDuff and Salamon 
|12|. Let A'^ be a real m-manifold. Then its tangent bundle T*N has a canonical 
symplectic form uj, defined as follows. Let {xi, . . . ,Xm) be local coordinates 
on TV. Extend them to local coordinates (xi, . . . , Xm,yi, ■ ■ ■ , Vm) on T*N such 
that {xi,. . . , Um) represents the 1-form yidxi + • • • + ymdxm in T*^^ x^)^ ■ 
Then uj — dxi A dyi + • • • + dxm A dym- 

Identify N with the zero section in T* N . Then A'^ is a Lagrangian submani- 
fold of T*N. The Lagrangian Neighbourhood Theorem jl2l Th. 3.33] shows that 
any compact Lagrangian submanifold in a symplectic manifold looks locally 
like the zero section in T*N. 

Theorem 3.7 Let {M,uj) be a symplectic manifold and N C M a compact 
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of 
the zero section N in T*N , and an embedding $ : [/ M with ^j^r = id : — > 
A^ and <^*{uj) — uj, where uj is the canonical symplectic structure on T* N . 

In [3 §4] we extend Theorem l3.7l to situations involving conical singularities, 
first to SL cones, T. Th. 4.3]. 

Theorem 3.8 Let C be an SL cone in C™ with isolated singularity at 0, and 
set Y. — C (1 S'^^"^^. Define t : S x (0, 00) — > C™ by i{a,r) = ra, with image 
C\ {0}. For a £ T,, T £ T*T,, r £ (0, 00) and u e M, let {a, r, t, u) represent the 
point r + udr in Tj-*^ j,-) (S x (0, 00)) . Identify S x (0, 00) with the zero section 
T = M = m T* (E X (0, cxd)) . Define an action of {0,00) oti T*(S x (0, 00)) by 

t : (ct, r, r, u )i — > {a,tr,t'^T,tu) forte {0,00), (12) 

so that t*{Lo)^t^u), for UJ the canonical symplectic structure on r*(l] x (0, cxd)) . 
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Then there exists an open neighbourhood Uc of 'Ex (0, oo) in T* (E x (0, oo)) 
invariant under (|12l) given by 

C/c = {(cr,r,T,u) e T*(E X (0,oo)) : |(t,m)| < 2Cr} for some C > 0, (13) 

where \ .\ is calculated using the cone metric i*{g') on T, x (0, oo), and an em- 
bedding - Uc ^ C™ with <5c|ex(o,oo) = I-, ^ci'^') = °t ^ t^c for 
all t > 0, where t acts on Uc as in p2|) and on by multiplication. 

In [3 Th. 4.4] we construct a particular choice of (pi in Definition 13.41 

Theorem 3.9 Let (M, J,Lu,fl), ^p, X,n,Xi,Vi^C'i,Yii, ^i, R^Ti and ^ be as in 
Definition \3.4\ Theorem \3.<A gives C > 0; neighbourhoods Uc- of E,; x (0,cx)) in 
T* (Ei X (0, oo)) and embeddings ■ Uc- — > C™ for i = 1, . . . ,n. 

Then for sufficiently small R' G (0,R\ there exist unique closed 1-forms 
rji on Ei X (0, i?') for i = 1, . . . ,n written rji{a,r) = ril{a,r) + r/f{a,r)dr for 
r]}{a,r) G T*Ei and r]f{a,r) e R, and satisfying \rii{a,r)\ < Qr and \V^rii\ = 
0[r^^~^~^) as r ^ {) for fc = 0, 1, computing V, | . | using the cone metric t*(g'), 
such that the following holds. 

Define (p^ ■.J:^x{0,R') ^ Br by p, [a, r) = <^c, (cr, r, m} [a, r) , r]f (cr, r )) . Then 
Ti o 0j : Ej X (0, R') —fMisa diffeomorphism E^ x (0, R') —> Si for open sets 
Si, . . . ,Sn in X' with Si, . . . ,Sn disjoint, and K = X' \ {Si U • • • U Sn) is 
compact. Also 4>i satisfies (jSJ, so that R' , pi. Si, K satisfy Definition \3.4\ 

In [71 §5] we study the asymptotic behaviour of the maps cpi of Theorem 13. 91 
using the eUiptic regularity of the special Lagrangian condition. Combining [71 
Th. 5.1], 171, Lem. 4.5] and (71, Th. 5.5] proves: 

Theorem 3.10 In the situation of Theorem \3.9l we have rji = dAi for i = 
l,...,n, where : E^ x (0, i?') ^ R is given by Ai{a,r) = Jp ?7^(cr, s)ds. 
Suppose fi'^ € (2, 3) with (2, /i^] n P^. — for i — 1, . . . ,n. Then 

\vH^^-H)\=0{r^'^-^-''), |vS.hOK'-i-'=) and 

(14) 

|V''A,| = 0{r^''~'') as r ^ for all k ^ and i^l,...,n. 

Hence X has conical singularities at Xi with cone Ci and rate fj-'i, for all 
possible rates fi'i allowed by Definition \8.4\ Therefore, the definition of conical 
singularities is essentially independent of the choice of rate fii. 

Next we extend Theorem 13.71 to SL m-folds with conical singularities |71 
Th. 4.6], in a way compatible with Theorems 13.81 and 13 . 91 

Theorem 3.11 Suppose (M, J,U!,fl) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi, . . . ,Xn. Let the 
notation ip,Vi,Ci,T,i, ^i, R,Ti and h he as in Definition \3.4\ and let C,,Uc-, 
^a, R' T 4'iT Si '^'^d, K he as in Theorem \S.fA 
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Then making R' smaller if necessary, there exists an open tubular neighbour- 
hood Ux' C T*X' of the zero section X' in T*X' , such that under d(Tj o 0j) : 
T* (Si X (0, R')) T*X' fori^\,...,nwe have 

(d(T,o0,))*(t/x') = {(fT,r,T,w) eT*(S, X (0,i?')) : \{r,u)\ < ^r] , (15) 

and there exists an embedding <^x' ■ Ux' — > M with ^x'\x' = id : X' — > X' and 
4>^,(a;) — ill, where lo is the canonical symplectic structure on T* X' , such that 

$x' o d(Ti o (t)i){a,r,T,u) = o <I>c^(cr,r,T + r]l{a,r),u + T]f{a,r)) (16) 

for all i = l,...,n and {a,r,T,u) G T* (Y^i x (0, i?')) with |(t, m)| < (r. Here 
\{t,u)\ is computed using the cone metric i*{g') on E,; x (0, i?'). 

In [3 Th. 4.8] we extend Theorem 13. Ill to families of almost Calabi-Yau m- 
folds (M, J'^ ,uj'' ,^1") for s ^ T. If is not exact then we cannot deform X' to 
a Lagrangian m-fold in (A/, w"). Therefore we replace the condition <I>^/ [lo) — lo 
in Theorem l3 . 1 ll bv ($^,)*((jj^) = uj + tt*{v^), where v'^ is a compactly-supported 
closed 2-form on X' . 

Theorem 3.12 Let (M, J, lu, 51) &e an almost Calabi-Yau m-fold and X a com- 
pact SL m-fold in M with conical singularities at xi, . . . , Xn- Let the notation 
R,Ti,C.,^Ci, R' TVi^Vi jVi J 4>ij Si, K be as in Theorem \S.fA and let Ux>,^x' be 
as m Theorem Unii Suppose { (A/, J", w", 11") : s e T} is a smooth family of 
deformations of {M, J,uj,Vt) with base space T C K''. Define : M ^ (0, oo) 
for s ^ T as in but using lo^ . 

Then making R, R' and Ux' smaller if necessary, for some connected open 
T' J- with G JF' and all s ^ T' there exist 

(a) isomorphisms : C™ — > T^.M for i = 1, . . . ,n with = Vi, (f|)*(a;") = 
uj' and (f ■)*(fl) = ip'{x,)'^h' , 

(b) embeddings T| : Bji M for i — 1,. . . ,n with Tf — Ti, Tf(0) — Xi, 
dTflo and {Ti)*{uj'') = uj' , 

(c) a closed 2-form v'' E C°°{A'^T*X') supported in K C X' with = 0, and 

(d) an embedding <^%,:Ux'^M with $5^,=$^, and {<^%,)*{uj'')^uj+tt*{v''), 
all depending smoothly on s E T' with 

$1, od(T,o0,)(a, r,T,M) = T^o$e^ (a, r,T + ?7i(a,r), ii + ?7f (a, r)) (17) 

for all s e T' , i = 1, . . . ,n and (cr, r, r, u) £ T* (E^ x (0, i?')) with | (r, u) | < ^r. 

The 2-forms i^" in Theorem EH define classes [i^"] in H^^{X',R). In |71 
Th. 4.9] we investigate these classes, and the freedom to choose . 
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Theorem 3.13 In the situation of Theorem VS . under the isomorphism (|SJ), 
the class [v^] S H^g{X',M.) is identified with the map H2{X,M.) R given 
hy ^ ^ t*(7) ■ [^''], where l : X M is the inclusion, : H2{X,W) —>■ 
H2{M,M.) the induced map, and [oj^] G H'^{M,R). Thus [v^] depends only on 
X,M and [uj"] G H^{M,R). 

Let V = 7J^g(X',M) he a vector space of smooth closed 2-forms on X' sup- 
ported in K representing _ff^g(X',R). Then making T' smaller if necessary, we 
can choose Tj',!/* and in Theorem X^.l'^ so that G V for all s G T' . In 
particular, if [v'^] — in H^^{X',M.) then we can choose — 0. 



4 Asymptotically Conical SL m-folds 

Let C be an SL cone in C™ with an isolated singularity at 0. SectionOconsidered 
SL TO-folds with conical singularities, which are asymptotic to C at 0. We now 
discuss Asymptotically Conical SL m-folds L in C™, which are asymptotic to C 
at infinity. Here is the definition. 

Definition 4.1 Let C be an SL cone in C™ with isolated singularity at for 
m > 2, as in Definition 13.11 and let S = C fl so that S is a compact, 

nonsingular (to — l)-manifold, not necessarily connected. Let t/s be the metric 
on E induced by the metric g' on C™ in and r the radius function on C™. 
Define t : E x (0, oo) C™ by t(fT, r) = ra. Then the image of t is C \ {0}, and 
i*{g') = r^gs + dr^ is the cone metric on C \ {0}. 

Let L be a closed, nonsingular SL m-fold in C™ and A < 2. We call L 
Asymptotically Conical (AC) with rate A and cone C if there exists a compact 
subset K C L and a diffeomorphism 93 : S x (T, 00) ^ L \ K tor some T > 0, 
such that 

\V''{ip-L)\^0{r^-^-'') as r ^ 00 for fc = 0, 1. (18) 

Here V, | . | are computed using the cone metric L*{g') on S x (T, 00). 

This is very similar to Definition 13.41 and in fact there are strong parallels 
between the theories of SL TO-folds with conical singularities and of Asymptoti- 
cally Conical SL TO-folds. We recall some results from jZ| §7], including versions 
of the material in ^'^A\ We continue to assume to > 2 throughout. 



4.1 Cohomological invariants of AC SL m-folds 

Let L be an AC SL TO-fold in C" with cone C, and let E = C n 5^™-!. Using 
the notation of i l3.3l as in JHl there is a long exact sequence 

> H^,{L,R) ^ H''{L,R) ^ H''{J:,M.) ^ H^+\L,R) ^ ■ ■ ■ . (19) 

Following Def. 7.2] we define cohomological invariants Y{L),Z{L) of L. 

Definition 4.2 Let L be an AC SL TO-fold in C™ with cone C, and let E = 
C n 52™-!. As w',Imr2' in ^ are closed forms with uj'\l = Imr2'|L = 0, 
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they define classes in the relative de Rham cohomology groups H'^{<C"^; L,M.) 
for k = 2,111. For fc > 1 we have the exact sequence 

= i?'=-i(C",M) ^ H^-^{L,m)^H''{V^]L,R) i?'=(C'",M) = 0. 

Let Y{L) e iJi(E,M) be the image of [lu'] in H^{C"^;L,R) = H^{L,R) under 
H^{L,R) in IHJ), and Z{L) e i7''"-i(E,R) be the image of [Imrj'] 

in i/'"(C";L,]R) ^ i7™-i(L,M) under i/"'-i(i,E) ^ in (jTHIl. 

Here are some conditions for Y{L) or Z{L) to be zero, ,7, Prop. 7.3]. 

Proposition 4.3 Let L be an AC SL m-fold in C" with cone C and rate X, 
and let^^Cn S^'^-K If X < or h^{L) = then Y{L) =0. If X < 2 - m 
or 60(S) = 1 then Z{L) = 0. 

Here is a (trivial) lemma on dilations of AC SL to- folds. 

Lemma 4.4 Let L be an AC SL m-fold in C™ with rate X and cone C , and let 
t > 0. Then tL = {t x : x E L} is also an AC SL m-fold in C™ with rate X and 
cone C, satisfying Y{tL) = t^Y{L) and Z{tL) = V'"Z[L). 



4.2 Lagrangian Neighbourhood Theorems and regularity 

Next we give versions of H3.4I for AC SL TO-folds rather than SL TO-folds with 
conical singularities. Here Th. 7.4] is the analogue of Theorem l3.9l 

Theorem 4.5 Let C be an SL cone in C™ with isolated singularity at 0, and 
set S = C n Define i : S x (0, cx)) ^ by L{a,r) = ra. Let 

Uc C T*(E X (0, oo)) and $c : C^c -> C™ be as m TheoremWk 

Suppose L is an AC SL m-fold in C" with cone C and rate X < 2. Then 
there exists a compact K C L and a diffeomorphism ip : T, x {T, oo) L\K 
for some T > satisfying (|18|) . and a closed l-form x on Yi x {T, oo) written 
Xicr, r) = X^{<^, r) + r)dr for x^{cr, r) € T*Y. and x^(a, r) G M, satisfying 

\x{<^,r)\ < Cr, (p{a,r) =<l>c{(T,r,x^{(J,r),x'^{(T,r)) 
and \'^''x\^0{r^-^-'') as r ^ oo for k = 0,1, 

computing V, | . | using the cone metric t* ((?')• 

The next two theorems are analogous to Theorem l3.1UI In T! Prop. 7.6] and 
13 Th. 7.7] we decompose x in Theorem 14. 51 

Theorem 4.6 In Theorem U3| we have [x] = Y{L) in H^{Y. x (T,oo),R) = 
i/"'^(E,M), where Y{L) is as in Deflnition \4.!^ Let 7 be the unique l-form on 
E with d7 — d*7 = and [7] = Y{L) G iJ"'^(S,M), which exists by Hodge 
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theory. Then x = ■'i'*(7) + di?, where vr : E x (T, oo) — > S is </ie projection and 
E e C°° (E X (T, oo)) satisfies 

|V'=((^-i)| = ©(r^^i"*^), |v'=x| = 0(r^~i-'=), |v'=+i£:| = ©(r^-^"''^) 

\o(|logr|), A = 0. 

Here V, | . | are computed using the cone metric i*{g') on S x (T, oo). 

Then [J| Th. 7.11] wc improve the rate of convergence A. 

Theorem 4.7 Let L he an AC SL m-fold in C™ with cone C and rate A. Set 
E = CriiS^™^^, and let T>j^,Nj^ he as in Definition \'d.y[ Let L,T,ip,x be as in 
Theorem \4-.5\ and Y(L),"f,E as in Theorem \4-.b\ Then 

(a) Suppose A, A' lie in the same connected component of K\I?e. Then 

\^\^-i)\^0{r>''-'-% |v'=xhO(r''-'-') and ^^^^ 
|V'=£:| = 0(r^'"'') as r ^ oo for all k^Q. 

Hence L is an AC SL m-fold with rate A'. Ln particular, if A G (2 — m, 0) 
then L is an AC SL m-fold with rate A' for all A' G (2 — m, 0). 

(b) Suppose ^ A < min(P5; n (0, oo)) . Then adding a constant to E if 
necessary, for all A' £ (max(— 2,2 — to),0) we have 

\V^E\^0{r^'^^) as r oo for all k^ 0. (23) 

Thus if Y{L) = = 7 then L is an AC SL m-fold with rate A', and if 
Y{L) 7^ 7^ 7 then L is an AC SL m-fold with rate 0. 

Here is the analogue of Theorem 13. Ill proved in 171, Th. 7.5]. 

Theorem 4.8 Suppose L is an AC SL m-fold in C™ with cone C. Let E, t, 
(^^Uct^ciKjTjCPjXtX^iX^ ^6 as in Theorem \4.5\ Then making T,K larger if 
necessary, there exists an open tuhular neighhourhood C T*L of the zero 
section L in T*L, such that under dip : T* (E x (T, oo)) T*L we have 

(d^nU,) = {(a,r,T,w) e r*(E x (T, ^)) : | (r, u) | < Cr} , (24) 

and there exists an embedding : ^ C™ with — id : L ^ L and 

$*(w') = Co, where uj is the canonical symplectic structure on T*L, such that 

odip{a,r,T,u) = ^c{iy,r,T + x^{f^,r),u + x^{(^,r)) (25) 

for all (ct, r, T, m) eT* (Ex (T, oo)) with \{t,u)\ < C^, computing \.\ using L*{g'). 
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In \7\ Th. 7.10] we study the bounded harmonic functions on L. 

Theorem 4.9 Suppose L is an AC SL m-fold in C™, with cone C. Let T,,T 
and ip be as in Theorem \4-5\ Let I — b^{T,), and be the connected 

components of S. Let V be the vector space of bounded harmonic functions on 
L. Then dimT^ — I, and for each c = (c^, . . . ,c') £ R' there exists a unique 
£ V such that for all j — I, . . . ,1, k ^ and /3 £ (2 — m, 0) we have 

V''{ip*{v'') -c^) ^0{\c\r^-'') on X {T, oo) as r oo. (26) 

Note also that V ^ {v'' : c £ M'} and t;(i---i) ee 1. 

5 Review of the main results of jHl 

Our goal is to generalize the results of j^I to more complicated situations. This 
gave me a problem in writing this paper, as I want it to make sense on its 
own without constant reference to ^ , but to control the length I don't want to 
reproduce large parts of [5] as introductory material here. 

The solution I have adopted is to reproduce only the three major theorems 
from in this section, with some supporting definitions and explanations. 
However, much of ^HhllHl (for instance. Definitions lt).lHt).3l below) has in effect 
been copied from p, §6-§7] and then modified. I hope this is more economical 
and readable than reproducing long definitions from ,9 unchanged, and then 
explaining later how to change them. 

The other way I save space is that if the proof of a result in requires 
only superficial changes for the new situations in this paper, then I give only 
the result but not the proof here, or else make only brief comments on how to 
adapt the proof in |^. 

5.1 An analytic existence result for SL m- folds 

The results of ,9: hinged upon an existence result 9, Th. 5.3] for compact SL 
rn-folds proved using analysis. Here is some notation we will need. 

Definition 5.1 Let {N,g) be a Riemannian manifold with Levi-Civita con- 
nection V. For each integer fc ^ 0, define C'^(A^) to be the Banach space of 
functions f on N with k continuous derivatives, for which the norm ||/||cfc = 
E,to supjv |VVI is finite. Let C-(A^) = n^^o C^N). 

For q ^ 1, define the Lebesgue space L''{N) to be the Banach space of locally 
integrable functions f on N for which the norm ||/||l<! — (/^ l/l^dVg)^/' is 
finite. For q ^ 1 and fc ^ an integer, define the Sobolev space Ll{N) to be the 
set of / G L''{N) such that / is fc times weakly differentiable and | VVI G L''{N) 
for J s; fc, with norm = (^^'^g | dVg)^/". 

The following definition 9, Def. 5.2] sets up the situation we shall consider. 

Definition 5.2 Let (M, J, oj, ft) be an almost Calabi-Yau m-fold, with metric 
g. Let be a compact, oriented, immersed, Lagrangian m-submanifold in M, 
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with immersion l : N ^ M, so that = 0. Define h = i*{g), so that (A'', h) 

is a Riemannian manifold. Let dV be the volume form on N induced by the 
metric h and orientation. 

Let tp : A'l {Q,oo) be the smooth function given in ©. Then QIat is a 
complex TO-form on N, and using ^ and the Lagrangian condition we find that 
I^^Ia^I = V'™! calculating | . | using h on N. Therefore we may write 

I^Iat =7/;'"e^^dy oniV, (27) 

for some phase function e'^ on N. Suppose that cos 9 ^ ^ on N. Then we can 
choose to be a smooth function 6 : N (— f, f ). Suppose that [t*(Imf2)] = 
in ir™(iV,R). Then sin 61 dV" = 0, by (|?7|l. 

Suppose we are given a finite-dimensional vector subspace W C C°°{N) 
with 1 £ W. Define tt^y : L'^{N) — > to be the projection onto W using the 
L^-inner product. 

For r > 0, define Br C T*N to be the bundle of 1-forms a on with |a| < r. 
Regard Br as a noncompact 2m-manifold with natural projection n : Br ~* N , 
whose fibre at a: G is the ball of radius r about in T*N. We will sometimes 
identify A^ with the zero section of Br, and write N C Br- 

At each y £ Br with Tr{y) ^ x E N, the Levi-Civita connection V of /i on 
T*N defines a splitting TyBr = H (BV into horizontal and vertical subspaces 
H, V, with H = TxN and V = T*N. Write w for the natural symplectic struc- 
ture on Br C r*A^, defined using TBr ^ H Q)V and H ^ V* . Define a natural 
Riemannian metric h on Br such that the subbundles H, V are orthogonal, and 
h\H^7r*{h), h\v^7r*ih-^). 

Let V be the connection on TBr = H(BV given by the lift of the Levi-Civita 
connection V of h on N in the horizontal directions H, and by partial differ- 
entiation in the vertical directions V , which is well-defined as TBr is naturally 
trivial along each fibre. Then V preserves h, ili and the splitting TBr ^ H OV. 
It is not torsion-free in general, but has torsion T(V) depending linearly on the 
Riemann curvature R(h). 

As A^ is a Lagrangian submanifold of M, by Theorem 13.71 the symplectic 
manifold {M,uj) is locally isomorphic near A^ to T*N with its canonical sym- 
plectic structure. That is, for some small r > there exists an immersion 
^ : Br ^ M such that ^*{uj) = uj and <i>|Ar ~ l. Define an m-form /? on Br 
by /3 = $*(Imrj). 

If a e C°°{T*N) with |a| < r, write r(a) for the graph of a in Br- Then 
$*(r(Q;)) is a compact, immersed submanifold in M diffeomorphic to A^. 

With this notation, here is the existence result 9, Th. 5.3]. 

Theorem 5.3 Let k > 1 and Ai,. . . ,As > be real, and m ^ 3 an integer. 
Then there exist e, K > depending only on k, Ai, . . . , Ag, and m such that the 
following holds. 

Suppose < < ^ e and Definition \5.^ holds with r = Ait, and 

(i) ||i^"sin0||i2W(".+2) < A2i"+"/2^ ||i^"sin0||co ^ A2t^~\ 

||d(V'"sin6')||i2™ 5=^2*""^/^ and ||7rp^(7/;" sin 6i) H^i < yl2t«+™-i. 
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(ii) ^ A3 on N. 

(iii) II V'=/3||co < Ait-'' for 0,1,2 and 3. 

(iv) The injectivity radius S{h) satisfies S{h) ^ A^t. 

(v) The Riemann curvature R{h) satisfies \\R{h)\\co ^ A^t^^ . 

(vi) If V e Ll{N) with t:„{v) = 0, then v G i2m/(m-2)(^-) j^y ^f^^ Sobolev 
Embedding Theorem, and \\v\\]^2m/{m~2) ^ A7||di;||i2. 

(vii) For all w (iW we have ||d*dw||^2m/(m+2) ^ -^A^ ||du'||/;,2 . 

For all w eW with Jj^wdV = we have \\w\\c« ^ A8t^""/^||du;||L2. 

Here norms are computed using the metric h on N in (i), (v), (vi) and (vii), and 
the metric h on BaiI in (iii)- Then there exists f G C°°{N) with f dV = 0, 
such that \\df\\co < Kf" < A^t and N = $*(r(d/)) is an immersed special 
Lagrangian m-fold in (A/, J, lu, fl). 

Its proof in 9, §5] is long and technical. The basic idea is to write the equa- 
tion for N — <i>*(r(d/)) to be special Lagrangian as a second-order nonlinear 
elliptic p.d.e. on /. Conditions (i)-(vii) ensure that this p.d.e. is close to being 
linear, in a certain sense. We then solve the p.d.e. for / by a series method, 
using facts about the solutions of second-order linear elliptic p.d.e.s. 

On a first reading, Definition 15 . 21 and Theorem 15.31 mav look like formidably 
technical abstract nonsense. We now try to explain (informally, and oversimpli- 
fying a bit) what the theorem does, and the reasons behind its design. 

• The theorem says that given a Lagrangian m-fold N in (A/, J, oj, fl) which 
is close to special Lagrangian in a certain sense, we can deform TV to a 
nearby SL m-fold N in M by a small Hamiltonian deformation. 

• A Lagrangian m-fold N has a phase function e*^, and N is special La- 
grangian with some orientation if and only if sin 9 = 0. Part (i) of Theo- 
rem 15.31 requires four norms of ■0'" sin 9 to be small, so it forces N to be 
close to special Lagrangian. 

• We shall apply Theorem 15 . 31 when N is an explicitly constructed desingu- 
larization of a singular SL m-fold. The construction depends on i G (0, 6), 
the length scale at which the singularities are resolved. Thus, we actually 
construct a l-parameter family of Lagrangian m-folds iV* for t G (0, S). 

When t is small, iV* is close to special Lagrangian, but it is also close to 
singular, in that the metric h'^ = g\j^t on iV* has large Riemann curvature 
R[h*) = 0(i~^), and small injectivity radius 5{h*) = 0{t). 

So the theorem is set up using a real parameter t > 0. Parts (iv), (v) say 
that {N, h) is not too close to singular, and part (iii) that the geometry of 
M near N is not too close to singular, in terms of t. 
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• When t is small A'' is close to special Lagrangian by (i), which is an advan- 
tage, but (iii)-(v) allow N to be close to singular, which is a disadvantage. 
The proof is a delicate balancing act between these two influences. The 
advantages win, and for small t ^ e we can deform N to an SL m-fold N . 

• Roughly speaking, to solve the p.d.e. on / we need an inverse of the 
Laplacian A on iV, which should be bounded independent of t. 

However Al 0, so A is not invertible. Also, in our applications A has 
a finite number of small positive eigenvalues of size 0(i™^^), so that if it 
existed A~^ would be 0{t'^~™), and not bounded independent of t. 

To get round this we introduce a vector space W C C°°(-/V) with 1 G W, 
which approximates the eigenspaces of A with small eigenvalues. Part 
(vi) roughly says that A~^ = 0(1) on W-^. Part (vii) roughly says that 
A^^ = 0{t^~"^) on the subspace of W orthogonal to 1. 

To control VF-components of functions in the proof although A^^ is large 
on W, we assume in (i) that the VF-component TT„{ip™ sin 6*) is very small. 

5.2 Theorems on desingularizing SL m-folds 

In §6-§7] we apply Theorem l5.3l to construct desingularizations of compact SL 
m-folds X in {M, J, us, ft) with conical singularities. The first main result is jHl 
Th. 6.13], which deals with the simplest case in which there are no obstructions 
to desingularization. 

Theorem 5.4 Suppose (M, J,u),fl) is an almost Calahi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi,...,Xn and cones 
Ci, . . . , C„. Let Li, . . . , L„ be Asymptotically Conical SL m-folds in C™ with 
cones Ci, . . . , C„ and rates Ai, . . . , A„. Suppose Ai < for i = 1, . . . ,n, and 
X' = X \ {xi, . . . , Xn} is connected. 

Then there exists e > and a smooth family {TV* : t £ (0, e]} of compact, 
nonsingular SL m-folds in {M,J,uj,Q.), such that is constructed by gluing 
tLi into X at Xi for i — 1, . . . ,n. In the sense of currents, iV* X as t ^ 0. 

The second main result is Th. 7.10]. It strengthens Theorem 15.41 bv 
dropping the assumption that X' is connected. In doing this we encounter 
topological obstructions, so that desingularizations exist only if an equation 
H28() holds on topological invariants of X and Li, . . . , L„. 

Theorem 5.5 Suppose {M, J,uj,^l) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi,. . . ,Xn and cones 
Ci, . . . , C„. Define Tp : AI (0, oo) as m Let Li, . . . , L„ be Asymptotically 
Conical SL m-folds in C™ with cones Ci, . . . , Cn and rates Ai, . . . , A„. Suppose 
Xi<Ofori^l,...,n. Write X' = X \{xi, . . . ,Xn} and = C.nS^''"-'^. 

Set q — b^{X'), and let X[, . . . ,X' be the connected components of X' . For 
i — 1, . . . ,n let li — and let T^, . . . , S'' be the connected components of 
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Si. Define k{i,j) ^ 1, . . . , q by T, o (p,(T,l x (0,i?')) C ^^(.j) fori^l,...,n 
and j = 1, . . . Suppose that 

^l^{x^)"'Z{L,) ■m]=0 for all k^l,...,q. (28) 

Suppose also that the compact m-manifold N obtained by gluing Li into X' 
at Xi for i — 1, . . . ,n is connected. A sufficient condition for this to hold is that 
X and Li for i — 1, . . . ,n are connected. 

Then there exists e > and a smooth family |7V* :t E (0,e]} of compact, 
nonsingular SL m-folds in {M, J,Lu,n) diffeomorphic to N, such that N* is 
constructed by gluing tLi into X at Xi for i — 1, . . . ,n. In the sense of currents 
in Geometric Measure Theory, X as t — > 0. 

When X' is connected, so that g = 1, it turns out that (|28|l holds auto- 
matically and Theorem 15 . 51 reduces to Theorem 15.41 Theorems 15 . 41 and 15 . 51 are 
proved by the following method, which will also be used in SjSl llHl below. 

We shrink Li by a small factor t > to get tLi, which is also an AC SL 
TO-fold in C™. Using the Lagrangian neighbourhood results of i)3.4l and ii4.2l we 
glue tLi into X at Xi using a partition of unity, to get a Lagrangian m-fold iV* 
in (M, w) for t G (0, i5). We also glue the Lagrangian neighbourhoods of X' and 
Li together to get a Lagrangian neighbourhood for N*. 

We define vector spaces C C°°{N*), using spaces of bounded harmonic 
functions on Lj. We then show that N*,W* and <I>* satisfy Definition 15.21 and 
parts (i)-(vii) of Theorem l5.3l for alH G (0, S), for some k > 1 and Ai, . . . , As > 
independent of t. Theorem 15.31 then gives e > depending on k, Ai, . . . , As such 
that A^* can be deformed to an SL m-fold iV* if t ^ e. 

Here is how the obstruction equation H28|) arises. For Theorem 15.41 we take 
M^* = (1), and then 7rn,t(?/;'" sin0*) = for topological reasons. But for The- 
orem we have VF* = M.'^, and 7rvi^t('!/;"' sin6'*) need not be zero. Calculation 
shows that the leading contribution to tth,* (V'™ sin 0*) is 0{t"^), and is pro- 
portional to the left hand side of (|28|l . For part (i) of Theorem 15.41 we need 
||7r,vt(V''"sine'*)||Li A2t''+'"-\ and this holds if and only if I^HIl does. 

6 Desingularizing when Y{Li) ^ 

In Theorems 15.41 and 15.51 we desingularized an SL m-fold X with conical singu- 
larities using AC SL m-folds Li with rates Ai for i — 1, . . . , n, where we assumed 
that Ai < 0, so that Y(Li) = by ProDOsition l4.3l We now explain how to relax 
this to allow Ai ^ and YiLi) ^ 0. As in [lUL §6.4] there are many examples of 
AC SL m-folds L with rate and YiL) 7^ 0, so this significantly increases the 
scope of the main result. 

Allowing Ai complicates the proofs in two main ways. Firstly, gluing 
tLi into X at Xi to make is no longer a local matter. Instead, there is a 
global condition for A^* to exist as a Lagrangian m-fold, that (Y{Li), . . . , Y{Ln)) 
should lie in the image of the map H'^{X',R) 0"^^ ffi(E,,R) in ©. 
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Secondly, the modifications to the definition of TV* introduce extra error 
terms in Imrij^rt, which contribute 0{t'^) to ||?/'™ sin0*||^2m/(m+2). But for part 
(i) of TheoremlOto hold we need ||^/''"sin6'*||i2™/(™+2) = 0(t«+"/2) for k > 1, 
so we must assume m < 6. Therefore our main result, Theorem l6.12l holds only 
in dimensions m = 3, 4, 5, rather than all m ^ 3 as in Theorem 15 .41 

6.1 Setting up the problem 

We shall consider the following situation, the analogue of Def. 6.1]. 

Definition 6.1 Let {AI, J,uj,fl) be an almost Calabi-Yau m-fold with metric 
g, and define ij} : M ^ (0, cxd) as in |j2Jl. Let X be a compact SL m-fold in 
M with conical singularities at Xi, . . . ,x„ with identifications Wi, cones Ci and 
rates /i^ G (2, 3), as in Definition 13.41 Let Li, . . . , L„ be AC SL m- folds in C™ 
as in Definition where Li has cone Ci. Define = Ci 05^™"^ and Y{Li) G 
iJHS,,M) and Z{Li) G iJ™-i(E,,R) for i = 1, . . . , n as in Definition lO 

Set q = b'^(X'), so that X' has q connected components, and number them 
X[, . . . ,X'^. For i = 1, ... ,n let li = b'^{'Si), so that has k connected compo- 
nents, and number them E^, . . . , E'*. It Ti,ipi, Si are as in Definition 13.41 then 
Ti o (fi is a. diffeomorphism E^ x (0, R') Si C X' . For each j = 1, . . . , Z^, 
Ti o ipi{T,l X (0, i?')) is a connected subset of X' , and so lies in exactly one of 
the X'^, for k — \, . . . ,q. Define numbers k{i, j) — 1, . . . , g for i = 1, . . . , n and 
j = l,...,li. by Ti o (^j(E^ X (0, R')) C ^(.(i j) . Suppose that: 

(i) The dimension m satisfies 2 < m < 6, 

(ii) The AC SL m-fold Li has rate Aj ^ for i = 1, . . . , n, and 

(in) There exists g G H^{X', M) such that (F(Li), . . . , is the image of 

Q under the map H^{X',m.) 0"^^ i/i(Ei,E) in ©. 

(iv) i'ix^^Z{L,) ■ [E^' ] = for aU A: = 1, . . . , g. 

(v) Let N be the compact m-manifold obtained by gluing Li into X' at Xi 
for i = 1, . . . , n in the obvious way. Suppose N is connected. A sufficient 
condition for this to hold is that X and Li for i = 1, . . . , n are connected. 

We use the following notation: 

• Let R, Bji, X' and i^, T; for i = 1, . . . , n be as in Definition l3.4l 

• Let C and Uc-, for i = 1, . . . , n be as in Theorem 13.81 

• Let R' , K and (f>i., rji, rj}, rjf, Si for i = 1, . . . , ti be as in Theorem 13.91 

• Let Ux', be as in Theorem 13. Ill 

• Let Ai be as in Theorem 13 . 1 Ul f or i — 1, . . . ,n, so that rji = dAi. 

• For i = 1, . . . , n let 7i be the unique 1-form on E^ with d"fi — d*^i =0 
and [-fi] — Y{Li) in H^{T,i,R), which exists by Hodge theory. 
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Let TTi : Si X (0, oo) be the projection, so that 7r*(7i) is a 1-form 

on X (0,oo) with |<(7,)| = O(r-i) and d(7r*(7i)) = d*(7r*(7,)) = 0, 
computing | . | and d* using the cone metric L*{g') on x (0, oo). 

• Let Yx' be as in and a G Y^' the unique element with ixia) — g. Then 
da = d*(i/'"a) = 0. For i = 1, . . . , n let T, € C°°(Si x (0, i?')) be as in 
part (a) of Theorem EH Choose £ (0, - 2) with (0, Vi\ n Vj,. = 0. 
Then part (a) of Theorem 13 . 61 shows that 

iT,o(j),y{a)^TT*{-fi) + dT, onS, x(0,i?')forz = l,...,n, (29) 
and V'=T,(cr, r) = 0(r'^*-'=) as r ^ 0, for all k^O. (30) 

• Apply Theorem 14.51 to Li with (^,Uc-,^Ci as above, for i = 1, . . . , n. Let 

T > be as in the theorem, the same for all i. Let the subset Ki C Li, 
the diffeomorphism tpi : "Ei x (T, oo) — > \ Ki and the 1-form Xi on 
Si X (T, oo) with components xliXl be as in Theorem l4.5l 

• Let Ul^, be as in Theorem 14. 81 for i = 1, . . . , n. 

• Let Ei e C°°(Si X (r,oo)) be as in Theorem Ol for i = l,...,n. Fix 
A e (max(— 2, 2— m), ^(2 — m)). (This interval is nonempty as 2 < m < 6.) 
Then Theorem 14 . 61 and part (b) of Theorem 14. 71 show that 

X^ = K{li) + <^E, onS, X (r,oo) fori = l,...,n (31) 
and V^E^{cj, r) = 0{r^-'') as r ^ oo for all fc ^ 0. (32) 

By (|29|) and (|31|l we see that the 1-forms a on X' and Xi on Li both have leading 
term 7r*(7i) in their asymptotic expansion on the cone Ci. The construction 
below will work by matching up these terms 7r*(7i), so that we do not have to 
taper them off to zero. 

Here are some remarks on conditions (i)-(v) above. 

(i) It will turn out in t|6.2l that defining the Lagrangian m-folds iV* when 
Y(Li) ^ introduces 0{t^) error terms in H?/;'" sin6'*||2,2m/(m+2). How- 
ever, for part (i) of Theorem 15.31 to hold we need sin 0* ||^2m/(m+2) = 
0(i«+™/2) for K > 1. 

Thus we need k + m/2 ^ 4 and k > 1, giving to < 6, which is why 
we suppose to < 6 in (i) above. We also use 2 < to < 6 in choosing 
A G (max(-2,2-TO),i(2-TO)). With some more work on the definition 
of TV*, the result can probably be extended to the case to = 6. 

(ii) The point of this section is to relax the assumption A^ < in Theorems 
15.41 and [^31 and so allow Y{Li) ^ 0. We suppose A; < so that part (b) 
of Theorem 14.71 applies. Although going from Ai < to Ai < may not 
seem like much of an improvement, in fact as in |10[ §6.4] there are many 
examples of AC SL m-folds L with rate exactly A = 0, so allowing A = 
will make our results much more useful. 
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(iii) The condition that {Y{Li), . . . ,y(L„)) hes in the image of H^{X',M.) 
^"^j^ _ff^(I]i,]R) is necessary for the existence of any Lagrangian m-fold 
A''* made by gluing tLi into X a.t Xi for i = 1, . . . ,n. So it is clearly also 
necessary for the existence of an SL m-fold made in the same way. 

(iv) This condition was introduced in Def. 7.1], to deal with analytic prob- 
lems in desingularizing X when X' is not connected. As in ^ §7.4], when 
X' is connected q = 1 and (iv) holds automatically since Z{Li) ■ [E^] — 0. 

(v) We assume this for simplicity. If N is not connected then we can apply 
Theorem 16 . 1 21 below to each component of N separately. 

Here is the analogue of 9, Def.s 6.2 & 6.3], constructing A^* for t e (0, 5). 

Definition 6.2 Choose a smooth, increasing F : (0, oo) — > [0, 1] with F{r) = 
for r e (0, 1) and F{r) = 1 for r > 2, and write F' = dF/dr. Let t satisfy 

cm m + 2 771 — 2 ^ 
< max<^ ——7^0 — 1 o'^T^ o ■ ^ ^ ^, ■ ■ ■ \ < t < I, (33) 

L 777 -i- 1 Z^i + m — 2 ZVi -1- 777 — 2 J 

which is possible as /i^ > 2, > and 777 > 2. For i — 1, . . . , 77 and small 
enough t > 0, define Pf = Ti{tKi). This is well-defined, Lagrangian in {M,uj), 
and diffeomorphic to Ki. 

For 7 = 1, . . . , 77 and t > with tT < V < 2^ < R' define a 1-form 4* on 

X {tT, R') by 

eAcj,r)^d[F{t-^r)Ma,r)+e{l~F{t-W))Eda.t-\)\ 
+ fn*{^i)+ed[F{t-^r)T,(<j,r)\ 
^ F{t-^r)ri,{a, r) + t-''F'{t-^r)A^{a, r)dr (34) 
+ t\l-F{t-W))x^{<J, t-\) - t^-^ F'{t-W)E,{a,t-\)dr 
+ t^F{t-^r)iT, o (b^)*ia){a, r) + t^-^ F\t-^r)T,{a, r)dr, 

by Uni) and Let be the components of ^ in T*E and M. Then 

when r ^ 2^^^ we have = i]i + t^{Ti o (j)i)*{a), and when r ^ we have 
^|(cr, r) = t'^Xii'^if^i^)- Thus ^| is a closed 1-form which interpolates between 
r]i +t'^{Ti o0i)*(a) near r — R' and t^Xi(^i *~^'') near r — tT. 

Choose S G (0,1] with s; 5^ < 2^ < i?', W-C.cBflCC™ and |C|(cr,0| < 
Cr on E, X {tT, R') for alH = 1, . . . , 77 and t e (0, S). As in Def. 6.2], this is 
possible. Define S* : E^ x {tT,R') M by 

S* (a, r) = T, o (a, r, ^^'^ (a, r), ^f* (a, r)) 

for 7 = 1, ... ,77. and t e (0,(5). Making R' smaller if necessary, this is well- 
defined, and an embedding. Define Q* — S*(Ei x {tT, i?')) for 7 = 1, . . . , 77 and 
t e {0,S). As T*{uj) = Lo', <^*^^{uj') = Lb and ^* is a closed 1-form we see that 
{E.\)*{lj) = 0. Thus Q\ is Lagrangian in (Af,a;), and is a noncompact embedded 
submanifold diffeomorphic to E^ x {tT,R'). 

Let T{t^a) be the graph of the 1-form t^a in T*X'. Then r(t2a) n ■n*{K) C 
T*iir is the graph of t^(\\K- Recall that Ux' is an open neighbourhood of the 
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zero section in T*X' . By compactness of K, making 5 smaller if necessary, we 
can suppose that T{t^a) n tt*[K) C Ux' for all t £ (0, 5). Define 

X* <^x' {T{t^a) n 7r*(/f )) for t G (0, 5). (35) 

Then is a submanifold of M with boundary, diffeomorphic to K . As a is 
closed T{t^a) is Lagrangian in {T*X\Cj), and = cj, so /f* is Lagrangian 

in (M, tj). For t £ (0, (5), define to be the disjoint union oi K\ Pl,...,P^ 
and Q{, . . . 

Then iV* is Lagrangian in (Af, w), as K^^Pf and Q* are. Moreover, iV* is a 
compact, smooth submanifold of M without boundary. To see this, note that 
^*(cr,r) = t2xi(cr,t"V) on E,x(<r,r], and so 

S*(a, r) - T, o (fT, r, t'xli'J. V), tx- (f^, ^"V)) 

= T,(t$c,(fT,i-V,x!(a,t-V),x?(a,t-V))) = T, (< (^,((7, V)) 

on EjX(tT, t"^], using (|20ll and the dilation equivariance of in Theorem l3.8l 
Thus the end x (tr,r]) of Q* is Ti(t(/?,(S, x (r,r-i])) C T,(iL,), 

and as (^^(Si x (T, f"^^^]) C joins smoothly onto Ki C Li we see that 5-(EiX 
(tT, t^]) C Q\ joins smoothly onto Pf ~ Ti{tKi). Similarly, the boundary dK* 
is the disjoint union of pieces Ei for i — 1, . . . ,7i which join smoothly onto 
Q* = Si X (iT, R') at the E^ x {i?'} end, as is the graph of t^a over if and 
= ?7, + t2(T, o 4>i)*{a) on E, x [2^, R'). 

As X',Li are SL m-folds they are oriented, and TV* is made by gluing 
X', Li, . . . , L„ together in an orientation-preserving way, so N* is also oriented. 
Let /i' be the restriction of g to iV* for t G (0, 6), so that (A^*, /i*) is a compact 
Riemannian manifold, and let d^* be the induced volume form on A'^*. Then 
Q\j^t — i/j^e*^ dV* for some phase function e'^ on A^*. Write e* = V^sin^*, 
so that lmn\Nt e* dF* for i e (0,(5). 

From H34|l we can explain the reason for condition (iii) in Definition 16.11 
The problem is that we need to define a closed 1-form ^* on Ei x (tT, R') which 
interpolates between t'^Xii'^T^"^^) iiear r = tT and f]i + t^(Ti o (j)i)*{a) near 
r = R'. This is possible if and only if <^Xi(o', t^^r) and ry^ + i^(Ti o 0^)* (a) have 
the same cohomology class in H^iY^i x (iT, _R'),M) = i7^(Ei,R). 

The cohomology class of Xi{'^,i^^'r) is r(Li) e ii^(Ei,R) by Theorem Ol 
and r^i ~ dAi is exact. Hence the cohomology class of (Ti o0i)*(a) in ff^(Ei, K) 
must be Y{Li). That is, the cohomology class [a] — g ^ ff^(X',R) must have 
image Y{Li) in iii(Ei,R) for aU i = under the map 7?i(X',R) ^ 

^"^-^ iJ^(Ei,R) in jnj, which gives (iii). This is a necessary condition for A^* to 
exist as a Lagrangian m-fold. 

Following P Def. 7.2] we define a vector subspace VF* C C°"{N*). This 
will be in Definition 15.21 It is an approximation to the eigenspaces of the 
Laplacian A on A^* with small eigenvalues, and is a tool to deal with some 
analytic problems when X' is not connected. 

Definition 6.3 We work in the situation of Definitions 16.11 and 16.21 For 
i — l,...,n apply Theorem 14.91 to the AC SL m-fold Li in C™, using the 
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numbering Tjj chosen in Definition Ki.ll for the connected components of S^. This 
gives a vector space Vi of bounded harmonic functions on Li with dimT^ = U. 
For each Ci = {cj, . . . , c[') € M'' there exists a unique vf^ e Vi with 

"^''{^Kvf')-4) ^0{\c,\r'^~'') on S^' X (T, oo) as r -> oo, (36) 

for all z = 1, . . . , n, J = 1, . . . , ^i, /c ^ and /3 S (2 — m, 0). 

We shall define a vector subspace W^* C C°°(A^*) for t e (0,(5), with an 
isomorphism VF* = M^. Fix d = {di, . . . ,dq) £ R*, and set cj = d^i j) for 
I = 1, . . . , n and j = 1, . . . ,li. Let = (c,^, . . . ,c\'). This defines vectors 
Ci € M}' for z = 1, . . . , n, which depend linearly on d. Hence we have harmonic 
functions vf' & Vi C C°°{Li), which also depend hnearly on d. 

Let F : (0, oo) [0, 1] and r e (0, 1) be as in Definition lO Make 5 > 
smaller if necessary so that tT < for all t E {0,6). For t G (0,(5), define a 
function € C°°(iV*) as follows: 

(i) The subset C iV* is diffeomorphic to K, and so has q connected com- 
ponents Kf, diffeomorphic to K n Xj, ioi k ~ 1, . . . ,q. Define w ^ on K*^ 
by = dfc on for fc = 1, . . . , q. 

(ii) Define it;^ on Pf C A^* by (T.^ o t o (pi)*{'w*^) = vf' on Ki tor i — 1, ... , n. 

(iii) Define on Q ■ C A^* by 

(S*)* («;*,) (a, r) = (f-F(2t->))^:(i;fO(^,i-V) + F(2i->)c^' (37) 

on X (tr, i?'), for i = 1, . . . , n and j ~ 1, . . . ,li. 

It is easy to see that is smooth over the joins between Pl,Q\ and if*, so 
e C°°(A^*). Also u;^ is linear in d, as vf' is. Thus VF* = {w^ : d e M*} is a 
vector subspace of C°°{N*) isomorphic to M', for all t £ (0, i5). 

If d = (1, . . . , 1) then = 1, so Ci = (1, . . . , 1) for i = 1, . . . , n, and thus 
vf' = 1 for i = 1, . . . , n by Theorem 14.91 Therefore w*^ ^-j = I by (i)-(iii) 
above, and 1 G VF* for all t G (0, 6). This corresponds to the condition 1 G VF in 
Definition 15.21 Define vr : L'^{N*) — > VF* to be the projection onto VF* using 
the L^-inncr product, as for tth- in Definition 15.21 

Note that if X' is connected, so that q = 1, then VF* = (1). 
6.2 Estimating Imr2|jv* 

We now prove estimates for Imfi|jvt = e*dV*, following P, §6.2]. First we 
compute bounds for e* at each point, as in Prop. 6.4]. 

Proposition 6.4 In the .situation above, making (5 > smaller if necessary, 
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there exists C > such that for all t E (0, (5) we have 



'Cr, r-e(<r,r], 



UElne%a,r) ^ X (i-r)(I-A , ^.2+.(.,-2) r e (r,2r), (38) 



r 



fc, re{tT,t% 

|(s*)*(d£*)|(a,r) ^ ^;2+.K-3)^ ^ e (r,2r), (39) 

re[2r,i?'), 

\e'\^Ct'^, |de*KCt'' on i^*, (40) 

anrf |e*|s;Ci, |de*| s; C on for all i = 1, . . . ,n. (41) 

ifere | . | is computed using (S*)*(/i*) m and /i* in (gU)) and (|^ . 

Proof. As T*(Imf2) is a smooth m-form on and T,*(Imf2)|o = u,*(IniJ7) = 
iP{xr)"'luin' by Definition rOl we see that T*(Inil7) = lP{x^)"' luiQ' + 0{r) 
on by Taylor's Theorem. Since tLi is special Lagrangian in C™ we have 
Imn'ltL, = 0. Thus 

\T*{linn)\tL^\^0{r) ontUnBR, (42) 

computing | . | using the metric T*{g) on i?^, restricted to tLi. 

Now iV* coincides with Ti(tLi) on i^* and S*(i;j x {tT,^]), so e*dV^* = 
Imr2|xi(tLi) on these regions. As /i* is the restriction of g to A^* we have |dy*| = 
1, computing | . | using g, so 

= |T*(Imri)|tiJ ont(i^U(^,(S, X (T,r-i]) Cii.nSfl,. (43) 

Combining ^ and gSl gives |£*| = 0((T,),(r)) on Pi and S*(i;, x 
(tT,r]). As (T,)*(r) = 0(t) on Pf, we see that 

|(S*)*(£*)|(cr,r) 0(r) for r G (^r,^], and = 0{t) on i^*. (44) 

A similar argument for the derivative de* gives 

|(S*)*(d£*)|(a,r) = 0(1) for r G {tT,f], and |de*| = 0(1) on (45) 

In 13 Prop. 2.10] we show that if A^ is a compact SL m-fold in M and A^ is 
a nearby Lagrangian m-fold written as the graph of a small closed 1-form a 
on A using Theorem 13. 71 and Imf7|^ = i/j^amOdV, then 

V-^sin^ = -d*(V/"a) + 0(|ap) + 0(|Vap) when | a |, |Va| are small (46) 

This is extended in 8, Prop. 6.3] to the case in which A is a compact SL m-fold 
with conical singularities, and a a small 1-form on A'. 
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Now on and the annuli S*(Si x [2r,i?')) for i = 1, . . . , n, TV* is the 
graph of a small closed 1-form t^a on X' . Abusing notation, identify if* and 
S*(Ei X [2i'^,i?')) with the corresponding regions in X' , so that ip,a,p make 
sense on these regions in N*. Then (SJ Prop. 6.3] shows that 

e* = ^" sin0* = -d*(V'"t'a) + ©(p^'lt'al') + 0{\fVaf) (47) 

on isT* and S*(l], x [2r,i?')) when p^iI^^qI, jt^Va] are smah. Here p : X' 
(0, 1] is a radius function, as in Definition 13.51 

Since IV^'a] = p~^~'' by © as a £ Yx', we see that p"^|i^a|, |i^Va| are 
0(t2-2r) on and S*(l], x [2r,R')), so (jlTI) holds, giving 

£* = 0(i4) on K\ and |(S*)*(e*)| = 0(tV-^) on S*(l], x [2r,i?')), (48) 

as d*(V'™Q;) = 0. By a similar argument for derivatives we obtain 

d£* = 0(i*) on K\ and |(S*)*(de*)| = ©(tV^^) on S*(l], x [2r,i?')). (49) 

On the annuli S*(l]i x {t'^,2t'^)^ we can apply the same argument, but we 
have to be rather more careful. Here is not the graph of t^a over X', but 
instead the graph of the 1-form (T^ o (?ii)*(C* — rji) on the corresponding annulus 
in X'. From (|34|) we find that 

+ d[{l-Fit--t)){t^E,ia,t-\)-Ma,r)~t^T,ia,r))]. 

So applying jSl Prop. 6.3] again as in l|T7|) gives 

(S*)*(£*)(a,r) = 0(r-2|e* - ry.p) + 0(|V(e* - 77.)!') 

-d*(^"M[(l-i^(t--t))(t2£;,(a,t'V)-A,(a,r)-t2j.^(^^^))]) 

on X (i'^, 2t'^), provided r^^\^l — ?7i| and |V(^* — 77^)] are small. Here | . | and 
d* are computed using the metric (T^ o0j)*(g), and we have used d*{tp"^a) — 
to eliminate the term —d*{'ip™t'^{Ti o (pi)* {a)). 

It is important that there are no linear terms in i^(TiO0j)*(a) or t'^Tr*{ji) in 
(|51l) . If we had applied the cruder method used in 9 , Prop. 6.4] there would have 
been such linear terms, which would have contributed 0{t^^^'^) to |(S*)*(e*)| on 

X (r,2r) and 0(t2+r(m/2-i)) ^o ||e*||i2™/(™+2), which is too large for part 
(i) of Theorem 15. 31 to hold. 

Using (|34|l to write terms in H51|l in terms of Ai, Ei,Ti and estimating 
these using (HHl, ((201 and we find that r~^|^* - rii\ and |V(0 - rii)\ are 

0(t^~^'^) on Si X (r,2r), as the t'^Tr*{'-fi) term in (PHl dominates, so that if^ 
holds for small t and on E^ x {f^ , 2t'^) we have 

(S*)*(£*) = 0(t'*-''^) + 0(r(^'-2)) ^ Q(^(l-r)(2-A)^ ^ Q(^2+r(,.,-2)^_ (52) 

By a similar argument for derivatives we find that on E^ x (f^, 2t'^) we have 

(S*)*(de*) = 0(i*-5r-) _^ 0(tr(p.-3)) ^ o(^(l-r)(2-A)-r^, _^ Q(^2+r(.., ~3) ) ^ (53) 
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Making S > smaller if necessary, equations (|38f) - (|41|l now follow from Il44fl . 
(jl5l) . lO, EUl, (ESl and for some C > independent of t. □ 

Now we can estimate norms of e* and de*, as in part (i) of Theorem 15. 31 
Proposition 6.5 There exists C > such that for all t G (0, S) we have 

n 

1=1 

||£*||co^C"(t4-4r^^(l-r)(2-A)^^(^r(^.-2)^^2+r(..-2)^^^ a«d (55) 

n 

||d£*|U2™S^C't-^/2|^t4-4r^^(l-r)(2-A)^^^^r(^.-2)^^2+r(..-2)^^^ (gg) 

1=1 

computing norms with respect to the metric /i* ok iV* . 

Proo/. The proof is similar to that of ^ Prop. 6.5]. Using ij^ . and lllT|l 
we find that ||e*||i2™/(™+2) has contributions 0(t2+™/2) from P^, 0(r(2+"V2)) 
from S*(E, x (tT,r]), and 

Q(^4+r(m-6)/2)^Q(^r(^ti-l+m/2))^Q(^2-A+r(A-l+m/2))^(^(^2+T(z.,-l+m/2)) 

from S*(S, X (r,2r)), and 0(i4+r(m-6)/2) ^^^^ ^'(S, x [2r,i?')) as to < 6, 
and 0{t*) from if*, since vol{K*) =0(1). 

Now C)(r(^'-i+™/2)) dominates C)(r(2+™/2)) and 0(t2+'"/2) as < 3 and 
< T < 1, and 0(t4+T(m-6)/2) dominates 0(i*) as m < 6 and t > 0. The 
remaining terms give (|54ll for some C" > 0. Equations H55 |l - H56|) follow from 
l|55|l - (|lT|l in the same way. □ 

We also need to estimate ||7rv^t(e*)||ii. Following §7.2], which assumes 
condition (iv) of Definition 16. II with no significant changes we prove: 

Proposition 6.6 There exists C" > such that for all t e (0, S) we have 
IKw*(£*)||li ^ (j"f{m+i}T^ computing norms using h* on TV*. 

For part (i) of Theorem Ol to hold, we want ||e* |li2™/(™+2) =^ Aat'^+^Z^^ 
||e*||co ^ A2t''-\ ||de*||L2™ A2t'^-^/^ and ||7r„,t(e*)|lii ^ A2i''+'""i for some 
K > 1. As i < 1 we see from that ||e*||^2™/(™+2) ^ A2t'^+"^/^ holds with 
A2 ^ 2(n+l)C" provided 

r(l + m/2) + 4-4r^K + m/2, r(l + m/2) + (l-T)(2-A)^K+TO/2, (57) 
T(l + m/2) + T(^j-2)^K + m/2, r(l + m/2) + 2+T(i^j-2) ^ k+to/2, (58) 

for aU i = 1, . . . , n. As r < 1 we find from (|51|l - lf5^ that (|^ - lf5S|) also imply 
|)e*||co =^ A2t'^~^ and |lde*||i2„. < A2t'^^'^/^. Similarly, Proposition 16 . 61 imphes 
that ||7r„,t(e*)||Li ^2^"+"^^ holds with A2 ^ C" provided 

(to + l)r ^ K + TO - 1. (59) 
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Now (|S7|l is equivalent to ks^ l+fl-r) (6-m) /2 and k 1 + (1-t)(1+to/2-A), 
which admit a solution K>lasT<l, m<6 and A < —1 — m/2. Also, 
the conditions on t in (|33|) ensure that (|58|) for i ~ 1, .... n and (|59|l admit 
a solution k > 1, and this is the reason for H33|l . Taking this k and = 
max(2(n + 1)C, C"), we have proved the analogue of Th. 6.6]: 

Theorem 6.7 Making S > smaller if necessary, there exist A2 > and k > 1 
such that the functions e* = ■0™sin6'* on satisfy ||e*||^2™/(m+2) ^ ^2^""'""'/^, 
||e*||c° A2t''-\ ||de*||i2,„ <; A2t^'^/^ and ||7r„,t (e*) ^2*"^+™-! for all 
t G (0,(5), as in part (i) of Theorem \5.'A 

6.3 Lagrangian neighbourhoods and bounds on R{h^), 5{h^) 

It turns out that §6.3-§6.5] need only minor changes to apply to the La- 
grangian TO- folds A^* of Definition 16. 21 Here is the analogue of 9, Def. 6.7]. 

Definition 6.8 Define an open neighbourhood [/„* C T*7V* of the zero section 
in T*iV* and a smooth map $„* : M as follows. As A* is the disjoint 

union of AT* and P*, Q* for i = 1, . . . , n we shall define U^t and separately 

over K\Pl and Q\. 

Let n* : AT* ^ AT be the natural projection, recalling from (|35|1 that AT* is 

isomorphic to the graph T{t^a) of t^a over AT. Then H* is a diffeomorphism, 

so dn* : T*K* T*K is a vector bundle isomorphism. Write tt for both 

projections tt : r*Ar* ^ A^* and tt : T*A: K. 
Now let y <ET*N*r] 7r*(A:*), and define 

x = 7r(y)GA:*, y' = dn*(2/) G T*A: and x' ^ n{y') ^ U\x) € K. (60) 

Define f/„t n7r*(A'*) and |c/jv'n7r-(i<-') by 

2/ e f/„t n 7r*(A:*) if and only if y' + t^a{x') e U^>, ^^^^ 
and then $„* (y) = (y' + t^a(x')) . 

For i = 1, . . . ,n, define L/„t n 7r*(i^*) and ^'n' |;7N*n7r*(P*) by 

n^*(/^*) = d(T, ot)({7 e r*A', : t'^^ e c/,J) 

and od(Tjot)(7) = Tjoto$^^(t-27). 

Here the diffeomorphism T,ot : K, ^ induces d(T, o t) : T*K, T*Pl, 
and 7 ^ i^^7 is multiplication by in the vector space fibres of T*Ki Ki. 

Let F be as in Definition EH Now S* : x {tT,R') ^ Q* is a diffeomor- 
phism, and induces an isomorphism d2* : T*{Y,i x {tT,R')) — > T*Ql. As in 
(dSll-lISll and define f/„f n7r*((5*) and |c/iv*n^-(Q*) by 

(dS*)*(C/„0 = {{a,r,,,u)eT*{^., x (ir,i?')) : 

|(^,u)+t2i^(t->)(T,o,/,,)*(a)(a,r)| <Cr} and 
$„t o dS*(a, r, u) = T, o $e. r, ^ + C'^*(tT, r), u + '*(a, r)) (64) 
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for all (cr, r, ij, u) G (d2*)* ([/„*), computing V, | . | using L*{g'). 

Careful consideration shows that is well-defined, and 4>„t is well-defined 
in Ht)l|) . Ht)2|l and Ht)4|) for small t, so making S > smaller if necessary is 
well-defined for t G (0, i5). Clearly is smooth on each of C/„t n n*{K*), 
Ufjt n7r*(P/) and n7r*(Q*), but we must still show that is smooth over 
the joins between them. 

The condition + t'^F{t-^r){T, o (l)i)*{a){a,r)\ < Cr in ^ is chosen 

to ensure that the definitions of over K*^, P/ and Q* join smoothly together 
over dK^ and dP^. Therefore is an open tubular neighbourhood of TV* in 
T*N*. Following P Def. 6.4] we find that is smooth on f7„t, that is, the 
definitions over Pl,Q\ and if* join together smoothly over dPf and dK* . 

We shall show that $^t(w) = a). On [/^t n7r*(if*) this holds as = 
and a is closed. On J7„t n 7r*(P/) it follows from T*(a;) = uo' , <I>* . (lj') = a), and 
the fact that the powers of t in H62|) cancel out in their effect on $^t(u;). On 
U^t n 7r*(Q*) it holds as T*{u) = w', = (2; and £,\ is closed. 

Define an m-form /3* on by /3* = <i>^t(Imi7), as in Definition 15.21 

Using this Lagrangian neighbourhood map in part (iii), we find that 
that parts (ii)-(v) of Theorem El hold for iV* when t G (0, 5), as in Th. 6.8]. 

Theorem 6.9 Making 5 > Q smaller if necessary, there exist Ai^A^,, . . . ^Aq > 
such that for all t G (0,(5), as in parts (ii)~(v) of Theorem \5.Sl we have 

(n) -0 ^ ^3 on NK 

(iii) The subset BaiI C T*N* of Definition \5.B lies in U^t, and || V'^/S* Hc-o ^ 
A^i^^ on BaxI for fc = 0, 1, 2 and 3. 

(iv) The injectivity radius S{h*) satisfies S{h*) ^ Ac,t. 

(v) The Riemann curvature R{h^) satisfies \\R{h^)\\c« ^ Agt^^ . 

Here part (iii) uses the notation of Definition \5.^ and parts (iv) and (v) refer 
to the compact Riemannian manifold (7V*,/i*). 

Proof. This was proved in Th. 6.8], but with N*,^j^t defined more simply. 
The changes for the new N*, are very minor. The main difference is that in 
§6.3] iV*,$jvt are independent of t over K, but here Af*,<i>„t do depend on 
t over X*. Identifying with K using H* in Definition 16.81 we have V^(/i* — 
g\j^) = O(t^) for j ^ 0. Therefore the contributions to || V'^/3*|jco, (5(ft.*) and 
\\R{h^)\\co from if* are aU 0(1) for smaU t, as in ^ §6.3]. □ 

6.4 Sobolev embedding inequalities on A^* 

We now prove that parts (vi) and (vii) of Theorem 15.31 hold for A^', W^'. Here 
is the analogue of 9, Th. 7.8], which gives part (vi) of Theorem 15. 31 for iV*, Vl^*. 
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Theorem 6.10 Making S > smaller if necessary, there exists Ay > such 
that for all t e (0, S), if v £ Ll{N*) with /^^ vwdV* = for all w eW* then 

V e L2™/("-2)(iV*) and l|w||i2™/(™-2) =^ ^7||dw||L2. 

Proof. This was proved in "S*, Th. 6.12] for X' connected and Th. 7.8] for 
general X', but with N*-,^fjt defined more simply. Here is how to modify the 
proofs. First consider the case of [HI §6.4], when X' is connected. 

In 1^1 §6.4] we define a partition of unity function F* on iV*. The new 
definition is as follows. Choose a, 6 G R with < a < 6 < r. Making J > 
smaller if necessary we have 2t'^ < t^ < t°- < min(l,i?') for all t G (0,(5). Let 
G : (0, oo) [0, 1] be a smooth, decreasing function with G{s) = 1 for s G (0, a] 
and G(s) = for s G [6, oo). For t G (0, 5), define a function F* : N* ^ [0, 1] by 

fl, xeK\ 
F*(x) = iG((logr)/(logt)), x^El{<j,r)eQl t^l,...,n, (65) 
[o, xiePI, i = l,...,n. 

The main point we have to deal with is that in [S] §6.4] the function i^* 
was supported on A^* n X', and so if u G C^{N*-) then we could treat F*w as a 
compactly-supported function on X' . But for the new iV* this no longer holds. 
Instead, on the support of F* we have iV* = (r(i^Q;)), where T{t^a) is the 
graph of t^a in T*X'. 

Identifying T{t^a) with X' using tt : T*X' X' and iV* with r(i2a) using 
defines an identification between and X' on the support of F*. Thus, if 

V G C^(iV*) we can regard F*w as a compactly-supported function on X' . Then 
Prop. 6.11] gives 

«;i?2(||d(F*«)||^, + |X^,F*i,dK;|), (66) 

computing norms using g ow X' , where Z?2 > is independent of v,t. 

For the proof of [HI Th. 6.12] to work for the new A^*, we need ()66|l to 
hold computed using /i* on . Since ft.* is the restriction of /i* to V{t^a) and 
a = 0(/9~^), Va = 0(p~^) we find that 

h' - .9U' + 0{t^p-^) = g\x' + 0(i2-2-) (67) 

on the support of F*- , identifying A^* and X' there as above. Thus /i* and g\x' 
are uniformly equivalent on the support of F* for small i, so increasing D2 we 
see that holds with || . ||^2m/(m-2), || . [1^2 computed using /i*. 
From we have dVg = (l + 0(t^"2^))dV^*, so that 

I F*^;dl/, 1^1/^, F*z;dF* | + Ct^~^^ |F*«| dF* 

for small t and C, C" > independent of t. Here norms are computed using ft,*, 
and in the second line we use \\F*v\\li ^ vol(A^*)(™+2)/2™||F*l|i2™/(™-2), and 
that vol(A^*) is bounded independently of t. 
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Substituting into gives 

(1 - C'D2t'-^^)\\F'v\\L2..,i..-2, ^ D2{\\ d(F*z;)||^, + | F'vAV' | ), 

computing norms using /i*. For small t we have C'D2t^^^'^ ^ ^, and so 

||f^*w||i2W(™-2) 2i?2(|| d(F*i;)||^, + I F*i;dV^* | ). 

This is the first line of [51 eq. (79)], with 2D2 in place of D2- The rest of the proof 
of [HI Th. 6.12] then follows. This proves the theorem when X' is connected. 
For general X' we follow the proof of Th. 7.8], but with F* defined as in 
H65(l . The modifications above extend easily, and the theorem follows. □ 

The proof of |H1 Th. 7.9] also holds for the new iV*, with no significant 
changes. This proves part (vii) of Theorem 15.31 for iV*, W*. 

Theorem 6.11 Making S > smaller if necessary, for all t G (0,(5) and w € 
we have \\d*dw\\]^2m/(m+2) ^ "'^||du'|)i2, where > is as in Theorem 
\6.HA Also there exists Ag > such that for all t G (0, 5) and w G with 
Jj^.wdV* = we have \\w\\co Ast^-"'/^\\dw\\L2 . 

6.5 The main result when Y(Li) ^ and Aj = 

Here is the first of the main results of this paper, the analogue of Theorem 15. 51 
but allowing = and Y{Li) ^ 0. 

Theorem 6.12 Let {M, J,oj,n) be an almost Calabi-Yau m-fold for 2<m<6, 
and X a compact SL m-fold in M with conical singularities at xi, . . . ,Xn and 
cones Ci, . . . , C„. Define ip : M ~> (0, 00) as m 0. Let ii, . . . , L„ be Asymp- 
totically Conical SL m-folds in C™ with cones Ci, . . . , C„ and rates Ai, . . . , A„. 
Write X' ^ X\ {xi, . . . ,a;„} and E» = n S^"'-\ Suppose that A., for 
i = 1, . . . ,n, and that there exists g G H^{X',M.) such that (Y(Li), . . . ,Y{Ln)) 
is the image of g under the map H^{X' ,M.) ^"^j^ _ff "'^(S^, R) in 

Set q — b^{X'), and let X[, . . . , X' be the connected components of X' . For 
i — 1, . . . ,n let li = b^CSi), and let Y^, . . . , S'' be the connected components of 
Ei. Define k{i,j) = 1, . . . ,q by Tt o ipi{j:l x (0,i?')) C X^^j^ /or i = 1, . . . ,n 
and j = 1, . . . ,li. Suppose that 

^Pix^rZ{L,)-m]^0 for all k = l,...,q. (69) 

Suppose also that the compact m-manifold N obtained by gluing Li into X' 
at Xi for i — 1, . . . ,n is connected. A sufficient condition for this to hold is that 
X and Li for i — 1, . . . ,n are connected. 

Then there exists e > and a smooth family |7V* :t E (0, e]} of compact, 
nonsingular SL m-folds in (AI, J,LU,n) diffeomorphic to N, such that N* is 
constructed by gluing tLi into X at Xi for i — 1, . . . ,n. Ln the sense of currents 
in Geometric Measure Theory, A^* — > X as t ^ 0. 
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Proof. The hypotheses of the theorem imply that Dcfinition lS.ll holds. Let 6 > 
and iV*, for t G (0, d) be as in Definitions lG . 2l and l6 . 31 and make 5 > smaller 
if necessary so that Theorems 16.71 16.91 16.1UI and 16.111 apply. Theorem 16.71 gives 
constants k > 1 and ^2 > such that part (i) of Theorem 15 . 31 holds for N* for 
all t e (0, S), replacing N, W, hy N\W\ 6** respectively. 

Let the Lagrangian neighbourhood : — > M and the m-form /3* on 
C/jv* be as in Definition l6.8l Then Theorem 16 . 91 gives constants Ai, A3, . . . , > 
such that parts (ii)~(v) of Theorem 15 . 31 hold for TV' for all t e (0, S), replacing 
A'', P, hhy N\ l3\h* respectively. Theorems QUI and KTT\ give Ar,As> such 
that parts (vi) and (vii) of Theorem l5.3l hold for TV* for all t G (0,(5), replacing 
iV, VP" by TV*, W respectively. 

We have not yet shown that the inequality cos 61* ^ Definition l5.2l holds. 
From parts (i) and (ii) of Thcorem l5.3l we see that | sin 6**1 ^ A2A^"H'^^^ on N*. 
Thus for small t G (0, i5) we have |sin(?*| < as n > 1, so that |cos0*| ^ i. 
As N* is approximately special Lagrangian on iiT* we have e'^* 1 on if*, so 
cos ^* ^ i on as cos 0* is continuous and TV* connected. 

Let e, -ftT > be as given in Theorem 15 . 31 depending on k, ^1, . . . , and m, 
and make e > smaller if necessary to ensure that e < S and cos 6** > i on TV* 
for t ^ e. Then Theorem 15 . 31 shows that for all t G (0, e] we can deform TV* to a 
nearby compact, nonsingular SL m-fold TV*, given by TV* = (^(d/*)) for 

some /* G C°°(TV*) with l|d/*l|co Kf" < Ait. 

Since TV* and depend smoothly on t, we see that /* is the locally unique 
solution of a nonlinear elliptic p.d.e. on TV* depending smoothly on t. It quickly 
follows from general theory that /* depends smoothly on t, and so TV* does. We 
show that TV* X as currents as t — > as in §6.5]. □ 

When m — 6, the proof of Theorem 16.71 shows that the bounds in part (i) 
of Theorem 15.31 hold with k = 1 rather than k > 1. Thus the proof only just 
fails when m = 6, and with some improvements to the material of i)6.1l - il^T^ 
Theorem 16 . 1 21 can probably be proved for m — 6. However, the author does not 
know how to extend Theorem 16 . 1 21 to the case m > 6. 

If X' is connected, so that q = I, then k{i,j) = 1 and becomes 

n li 

i=i j=i 

But X]j=i[^i ] ^ Z{Li) ■ [Ei] = as Z{Li) is the image of a class 

in iJ™^^(Li,R) by Definition 14.21 and = so [Si] maps to zero in 

H„i^i{Li,W). Therefore (|69|l holds automatically when X' is connected. Also, 
TV is automatically connected. Thus Theorem 16.121 simplifies in this case to give 
an analogue of Theorem l5.4l 

Theorem 6.13 Let {M, J,uj,i^) be an almost Calabi-Yau m-fold for 2<m<6, 
and X a compact SL m-fold in M with conical singularities at xi,...,Xn 
and cones Ci,...,C„. Let Li,...,L„ be Asymptotically Conical SL m-folds 
in C™ with cones Ci, . . . , C„ and rates Ai, . . . , A„. Suppose that Ai ^ for 
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i = that X' = X \ {xi, . . . , x„} is connected, and that there exists 

g S H^(X' ,M.) such that (Y{Li), . . . ,y(L„)) is the image of g under the map 
H\X\R) ^ 0^'^^ H\Y.„R) in ®, where = anS^"'-\ 

Then there exists e > and a smooth family {N* : t ^ (0, e]} of compact, 
nonsingular SL m-folds in {M, J,uj,fl), such that is constructed by gluing 
tLi into X at Xi for i = 1, . . . , n. In the sense of currents, N* ^ X as t ^ 0. 

7 Desingularizing in families when Y{Li) = 

Next we consider a different generalization of Theorems 15.41 and 15.51 to families 
of almost Calabi-Yau m-folds (M, J^ rj"). Let C R'' be open with G ^, 
and {(M, J^jW*, fi*) : s G J-} be a smooth family of almost Calabi-Yau m-folds 
with (M, J°,Lu°,n°) = {M,J,u,n). 

Suppose X is an SL m-fold in {M,J,uj,il) with conical singularities at 
Xi, . . . ,Xn and cones and that Li, . . . , L„ are AC SL m-folds in C™ with 
cones Ci and rates Xi. In the rest of the paper we shall construct special La- 
grangian desingularizations A^*'* of X not just in (M, J, uj, ft), as in and [jSJ 
but in (M, J", w^ ^1") for smaU s e T. 

In this section, as in Theorems 15.41 and 15.51 but not as in SjHl we shall as- 
sume that Xi < 0, so that Y{Li) = by Proposition 14.31 Then SjHl combines 
the new material of ^ and this section to study desingularization in families 
when Y{L,) ^ 0. 

The advantage of desingularizing in families (M, J*, w*, fi'*), rather than a 
single almost Calabi-Yau m-fold (M, J, uj, fi), is that by varying the cohomology 
classes [uj'^] and [Imfi^] we can overcome obstructions to the existence of SL 
desingularizations iV* in {M, J,uj,il). In this section, by varying [Imfi*] we 
show how to relax equation H28|l in Theorem 15. 51 

7.1 Setting up the problem 

The next three definitions are analogues of Definitions 16 . We consider the 
following situation, modifying "S! Def. 6.1 & Def. 7.1] to the families case. 

Definition 7.1 Let (M, J, oj, i7) be an almost Calabi-Yau m-fold with metric g, 
and define ip : M ^ {0, oo) as in Q. Let X be a compact SL m-fold in M with 
conical singularities at xi, . . . , a;„ with identifications f^, cones Ci and rates fii. 
Define S, = C, n S^""'^ for i = 1, . . . , n. Let Li, . . . , L„ be AC SL m-folds in 
C™, where Li has cone Ci and rate A.; for i = 1, . . . ,n. As in Definition 12.71 let 
{(M, J*, w*, ri*) : s G JF} be a smooth family of deformations of {M, J,uj,fl), 
with base space T cR"^. Suppose that 

(i) Li has rate A; < for i = 1, . . . , n, so that Y{Li) = by Proposition 

(ii) [uj''] ■ L^i-y) = for all s G and 7 G H2{X,R), where t» : H2{X,R) 
H2 {M, R) is the natural inclusion. 
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(iii) Let N be the compact m-manifold obtained by gluing Li into X' at Xi 
for i = 1, . . . , n in the obvious way. Suppose N is connected. A sufficient 
condition for this to hold is that X and for i = 1, . . . , n are connected. 

We use the following notation: 

• Let R, Bji, X' and i^, T; for i = 1, . . . , n be as in Definition 13.41 

• Let C and Uc-, for i = 1, . . . , rt be as in Theorem 13.81 

• Let R' and rji, rjj , rjf for z = 1, . . . , n be as in Theorem 13.91 

• Let q = b'^{X'), and write the connected components of X' as X[, . . . , X'^. 

• For i ~ \, . . . ,n let li = }p{Yii), and write the connected components of 
Tii as Sj?" , . . . , S'' . 

• Then T, o x (0,i?')) 

is a connected subset of X' , and so lies in 
exactly one X^. Define k(i,j) for i = 1, . . . , n and j = 1, . . . ,li by o 
^.(S^ x(0,i?')) CX^(,,^.). 

• Let Ux', be as in Theorem 13. Ill 

• Let Ai be as in Theorem 13 . 1 Ul for i — 1, . . . ,n, so that rji = dAi. 

• Apply Theorem 14.51 to Li with C, Uc-, as above, for i — 1, . . . ,n. Let 

T > be as in the theorem, the same for all i. Let the subset Ki C Li, 
the diffeomorphism ipi : "Ei x {T, oo) Li \ Ki and the 1-form Xi on. 
Si X (T, oo) with components xl^xl be as in Theorem l4.5l 

• Let [/i,., $1,. be as in Theorem 14.81 for i = 1, . . . ,n. 

• Let E, e C°°(l]j X (T, oo)) be as in Theorem Ol for i^l,...,n. 

Note that as Y{Li) = by assumption we have 7i = in Theorem 14.61 
and therefore Xi ~ d-Ei for i = I, . . . ,n. 

• Apply Theorems Ens and Els to X and {(M, J^ w^ fl**) : s e T}. By 
Theorem 13. 131 part (ii) above implies that [v'^] — 0, so we can take i/'* = 0. 

Then Theorem EH gives an open T' C T with Q e and ip'',vf, Tf, 
for s E J-' depending smoothly on s, satisfying H17|) and 

T^(0) = a;., dTf|o = z;f, (Tn*(c.^) = c.', and (ci>i,)*(^^) - 

Instead of just defining A^* for t G (0, i5) as in Definition 16.21 we define a 
larger family {A^^-* : s G JF', i e (0,(5)}, where A^*'* is Lagrangian in (M, w'*). 

Definition 7.2 In the situation of Definition 17. II choose a smooth, increasing 
function F : (0, oo) [0, 1] with F{r) = for r e (0, 1) and F{r) = 1 for r > 2. 
Write F' for dF/dr. Let r e (0, 1) satisfy 

0< max <^ -,- -}<T<1, (71) 
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which is possible as /^i > 2 imphes (m + 2)/{2^i + to — 2) < 1. 

For i = 1, . . . , n, s e J^' and small t > 0, define P-'* = TfitK,). This is well- 
defined if tKi C B]i C C™ , and is a compact submanifold of M with boundary, 
diffeomorphic to Ki. As is Lagrangian in (C™,w') and (T*)*(tj*) — u', we 
see that P^'* is Lagrangian in (Af, w'*). 

For i = 1, . . . , n and t > with tT < V < 2^ < i?', define a 1-form 4* on 

X (tr, i?') by 

(a, r) = d A, (a, r) + (l _ F{t--r))E, {a, i" V)] 

= ^^(i^"r)?7,(a,r) +t-"F'(i-"r)A,(a,r)dr (72) 
+ ^2(1 _ i^(t-^r))x»(cr,t"V) -t2-^i^'(t-^r)£;^(cr,t-ir)dr. 

Let be the components of Q in T*I] and R, as for rji^Xi in Theorems 

EUandlllSl Note that when r ^ 2r we have F{t-^r) = I so that CKo", J') = 
rji{(j,r), and when r ^ we have F{t^'^r) = 0, so that ^|((t, r) = t'^Xi{'^it~^r). 
Thus ^* is an exact 1-form which interpolates between rji {a, r) near r ~ R' and 
t^Xi(cr, <~^r) near r = tT. 

Choose S e (0, 1] with ST 5^ < 26'' s: i?' and SK^cBrCC"' and 

< C?- onE, X (tr,i?') for aUi==l,...,n and (0,(5). (73) 

This is possible as in j2| Def. 6.2]. For i = 1, . . . ,n, s ^ !F' and t e (0, (5) define 
: E, X {tT, R') ^ M by 

S^^* (a, r) = (a, r, C,^'* (a, r) , C,'^* (a, r)) . (74) 

Define Qf* = Sf*(Ej x {tT,R')) for i = 1, . . . , n, s G J^' and t G (0,(5). As 
(T,f)*(w'') = w', $*^(w') = w and ^* is closed we see that {E-'*)*{uj') = 0. Thus 
Q^'* is Lagrangian in (M, w'*), and is a noncompact embedded submanifold 
diffeomorphic to E^ x {tT,R'). 

Recall that K a X' , and X' is embedded as the zero section uv Ux' C 
T*X'. Thus K C Ux', and maps Ux' ^ M. For s G J^', define i^" = 
^xi{K). Then i^"* is Lagrangian in (Af,a;'*), as ($x')*('^'*) = and A' C X' 
is Lagrangian in ([/x',a)). For s <E J-"' and t G (0,<5), define A^*'* to be the 
disjoint union of AT'*, • • ■ i -Pn'* ^-^d Q^'*, . . . , Qn*- Then A^**'* is Lagrangian 
in (M,w''), as and are. 

Moreover, A^^'* is a compact, smooth submanifold of M without boundary. 
The proof of this follows |S1 Def. 6.2], with simple changes. In particular, dP^"^ 
joins smoothly onto the E^ x {tT} end of Q*'* as ^|((t, r) = t^Xii^^'^'^f) near 
r = on Ei X (tT, R'), and both P/'*, Q^'* are defined using T|. Similarly, the 
Ei X {P'} end of Q*'* joins smoothly onto the appropriate component of dK^ 
as = rji near r = i?' on E^ x {tT, R'), and because of the compatibility p7|l 
between T|, used to define Qf, and used to define AT'*. 

Note that A^'*'* depends smoothly on s, t, since T|, depend smoothly on 
s. Also, when s = we have T° = and <I>°/ = ^x' by (|70|l . so we see that 
if'* = f-*, qO'* = Q*, K" = K and A^"'* = A^*, where P*,g* and A^* are as 
in [3 Def. 6.2]. 
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Let h^'* be the restriction of g to N"'*' for s ^ T' and t G (0,5), so 
that (TV**'*, ft,"'*) is a compact Riemannian manifold, which is naturaUy ori- 
ented. Let dy*'* be the volume form on iV*^'*. As in H27|) we may write 
ri|Ars,t = {ip^)"^e^^''' dV'* for some phase function e*^° on A^"'*. Write = 
{ij}")"^ sin^*'*, so that Im filers,* = e"'* dV^*'*. Then e"'* depends smoothly on s, 
as Tf and do. 

Note that Definition 17. 21 does not include the terms in 7,^, Ti and a added in 
Definition 16.21 which were there to allow Y{Li) ^ 0. Here is the analogue of 
Definition 16. 31 defining vector spaces VF'*'* which will be W in Definition 15. 21 

Definition 7.3 In the situation of Definitions 17 . II and 17. 21 define vector spaces 
Vi of bounded harmonic functions on Li and wf' G Vi for G M'* satisfying 
H36() for i = 1, ri, as in Definition 16.31 Wc shall define a vector subspace 
W'* C C°°(iV"'*) for s G J^' and i G (0, 5), with an isomorphism W'^ ^ R«. 

Fix d = (di, . . . , dq) G M'', and as in Definition O define c, G M'' for 
i = 1, . . . , n depending linearly on d. Let F : (0, 00) [0, 1] and r G (0, 1) be 
as in Definition 17.21 Make 5 > Q smaller if necessary so that tT < for all 
t G (0,(5). For sGT' andte (0,6), define w'/ G C°°(7V"'*) as follows: 

(i) The subset K'^ C A'''* has g connected components $^/(Ar H A(). Define 
w^'* EE dk on (if n A^) for fc = f , . . . , g. 

(ii) Define w^* on P/'* C A-*'* by (Tf oto ipi)*{w^*) = vf' on Ki. 

(iii) Define on 

(Sf )*(^f )(a,r) ^ {l-Fi2t-^r))^:iv^'){a,r'r) + Fi2t-^r)4 (75) 
on X {tT, R'), for i = 1, . . . , n and j = f , . . . , Z^. 

The argument of Definition 16.31 shows that w^' * is smooth, and linear in d. 
Define W"'* = {w'/ : d G M'}. Then W"'* c C°°(A'''*) is a vector subspace 
isomorphic to K', and 1 G W^'*. Define 7r„,=,t : L^(A^*'*) — > W"'* to be projection 
onto W^'* using the L^-inner product. 

7.2 Estimating Imfi'^lTv^* 

We now estimate Imfil^v.* as in t l6.2l to show that A""'*, W**'* satisfy part (i) of 
Theorem 15.31 Following Proposition 16 . 41 we bound at each point in A^*'*. 

Proposition 7.4 In the situation above, making T' and S > smaller if nec- 
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essary, there exists C > such that for all s £ J^' and i G (0, (5) we have 

\e'''\i^C\s\, |de'''*| s; C|s| onK', (76) 

\{Ef)*{e'^%a,r) < <^ Ct^it^'-^) + Ct(^-)(^-^^\ r G (r,2r), (77) 
[Cr\sl re[2t-,R'), 

fc, re(<r,r], 

|(Sf )*(d£*'*)|(fT,r) SC i ^^^(l-r)(2-A.)-r^ r(^{t\2t^), (78) 

and |£"'*|<C'i, |de^'*KC on P^'* for all i ^ I, . . . ,n. (79) 
iTere | . | is computed using h"'^ or (S^'*)*(/i'*'*). 

Proof. When s — Owe have A^°'* — N*- , where A^* is as in [U] Def. 6.2]. Therefore 
Prop. 6.4] proves (O-Gnjl when s = 0. Now K'* = (AT) is independent 
of and so are and e*'*|i<-s. Also e^'^li^o = as = K \s special 

Lagrangian in (Af, j", 17°), and e*'* depends smoothly on s. Therefore by 
Taylor's Theorem and compactness of K'^ = K we see that 

|£^^*| = 0(|s|), |d£"'*| = 0(|s|) on i^", for smaU s G J'^'. (80) 

Consider the m-form V"(a;j)"™(S''*)*(£"'*dF'*^*) -V'(a;»)"™(S°^*)*(£°'*dF''^*) 
on X {tT,R'). By CM this is the pull-back of V'*(a;»)~"(T|)*(Imr2^) - 
ip{xiy"^T*{lmQ,) on Br under the map {a,r) i-> $c, (ct, r, ^j^'*(cr, r), *((t, r)) . 
But since {vf)*{n) = V'^(a;,)'"f7', by jTOI) we see that 

^^(a;0^™(Tn*(Imr!^)-^(x,)-'"T*(Iml]) = O(r|s|) on B^. (81) 

Combining all these facts we see that 

|(Sr*)*(£^'*)| = (1 + 0(|.|)) • |(S°'*)*(£°'*)| +0(r|s|) on x (tT^R'). (82) 
A similar proof shows that 

|(Sf*)*(d£^^*)| = (l + 0(|s|))-|(S°'*)*(d£"^*)|+0(|s|) onS, X {tT,R'). (83) 

Since |(Tf)*(Iml7")|tLj = 0(r) ontL.nBR for smaU s e J'^', as in gH), the 
proofs of 1)44(1 and ((45|l show that for i = 1, . . . , n we have 

|£'^*|=0(t), |d£'^*|=0(l) on i^"'*, for small s e J^'. (84) 

Finally, making and (5 > smaller if necessary, for some C > we see that 
equation (jTH)) follows from ((HOI), equation ((TTjl from 177|) with s = and 
equation (|ZHll from |2Hll with s = and ((HSJ, and equation from (|HlIl. □ 

Proposition 16. 51 then immediately generalizes to give: 
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Proposition 7.5 For some C" > and all s E J-' and t E (0, 5) we have 

n 

||e^'*L2W(™ + 2, C'\S\ + ^(^('^'-2) + i(l-r)(2-A.))^ (85) 

n 

\\e'^*\\c<> «;C'|s|+C'^(r(^-"2)_^^(i-r)(2-A,))^ (86) 

i=l 

n 

and ||de^'*||i2,„ C7'|s| ^^(i-r)(2-A,))^ (87) 

i=l 

computing norms with respect to the metric /i^'* on TV*'*. 



fc=l ^-^"^x' 



7.3 Bounding ||vrvi/s,t(5*'*)||Li under conditions on s,t 

Next we estimate ||7rvt-a,t(£*'*)||Li, using the method of 9, §7.2]. First we bound 
Xv..t w'd^"'* <^V''* for all d S W. As w'/ = 4 on n X^) and S"'*(S^ x 

[f^, R')) when k{i,j) = k, we see that 

k{i,j)=k 

Following the proof of 9 , Prop. 7.4] with trivial modifications, we find: 
Proposition 7.6 For all s G , t G (0, S), d G K'' and i = 1, . . . ,n we have 

f w'^'e^'^dV'^* + f w^'*e*'*dy*'* = 0(|d|i(™+i)"). (89) 



Observe that the closure X'f, of Xj, in M is an m-chain in M without 
boundary, and thus defines an integral homology class [X'^,] G Hm{M,Z), with 
[X] = X]fc=i[^fe]- Using this we can state the analogue of (21 Prop. 7.5]. 

Proposition 7.7 Making T' smaller if necessary, for all s G T' , t G (0,5), 
d G M'' and k = 1, . . . , g we have 

e*'*dF'*'*+ V [ e''* dV^' ^ [Imn'] ■ [JC^^] 

-t" ^ ^(x,)"^(L,) • [S^ ] +0(t("+i)") +0(|s|i"). 

i^ere [Imr2"] G H"'{M,R), [Xl] G H,n{M,Z), Z{L,) G i/'"-i(S,,K) zs as m 
^ anrf [E^'] Gi?,„-i(S„Z). 
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Proof. As eS.'dV''* = Imfi^l^a,*, the left hand side of (O is the integral of 
Im il* over the m-chain 

kii,j)=k 

for fc = 1, . . . , g, which is a closed subset of N^'* , with boundary (m — l)-chain 

dz, = - J2 sf(i]^"x{r}). (91) 

For each i — 1, . . . , n and j — 1, . . . ,li, define an m-chain Aj in Bn to be 
the image of x [0, 1] under the map Yij x [0, 1] Bn given by 

(a, r) ^ r$^^ (a, T, t2xi(a, e-^),t\j{a, e-')) . 

As Tf o $c,('T,r,t2xi((T,r-i),i2;^f(a,r-i)) = (a,r) for a e by Defi- 
nition we see that 

d{TtiA^))=^''mx{e}), (92) 

regarding Tf(A^) as an m-chain in M. 

Define another m-chain Z^, for k = 1, . . . , g to be 

As X'f, is an m-chain without boundary, we see from (inU and ^ that dZ'f. = 
dZk, and in fact it is easy to see that Z'^. and Zk are homologous in M. Since 
Imfi* is a closed m-form on M, this implies that J^, Imfi* = J^^ Imil''. 

From Theorem EH we have (i;|)*(17^) = i/;' {x^)"'n' , where f]' is as in (HJ. 
Thus as (T,f)*(ri'^) is smooth on B^, Taylor's theorem gives 

(T?)*(17^)=V'(x,)'"r!' + 0(r) on Bn. (93) 

Making J-' smaller if necessary, this holds uniformly in s for s E J-' . 

Now Aj is an m-chain in B^i C C™ with boundary in the AC SL m-fold tLi, 
and [dAj] e i?r„_i(iLi,E) is the image of [Sf] e iJm_i(I]j,K) under the map 
7J„_i(S„]R) ^ Hm-iiU,R) dual to the map H"'-^{U,R) i?"-i(S„K) of 
p9(l . It then follows easily from Definition 14 . 21 and Lemma [4.41 that 

/ Imil' = ZitU)-m]^t^ZiU)-m]. (94) 

But as r = 0(t^) on Aj and vol(yl^) = 0{t"") we see from that 

/ ((T,")*(Iml7'')-V'(x,)™Iml]') =0(i(™+i)^), (95) 
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which again holds uniformly in s G As the left hand side of H9UI) is 

/„ ImW = /„, luiQ", equation follows from Jy, Imfi" = [ImJl*] • [X'f.], 

equations and ip^{xi) = ip{xi) + 0{\s\). This completes the proof. □ 

Now we can estimate ||7r,vs,t(e'''*)||Li under conditions on s,t. 

Proposition 7.8 Making T\ S smaller if necessary, there exists C" > such 
that for all s E J-' and t £ (0, 5) satisfying 

[Imf]^] • [r,] = f" J2 ^{^^^Z{U) ■ ] /or fc = 1, . . . , g, (96) 

we have ||7r„.=,t(£^'*)||Li C"t("+i)^ + C'l-sli™. 

Proof Let s E T' and t e (0,(5) satisfy ^E^. Combining equations 
and linn gives 

/ u;^'*£"'*dF"'* =0(|d|t(™+i)^) +0(|d||s|f") for aU d e M«. (97) 

One can show from Definition 17. 31 that ||ifd*||L2 ^ C|d| for some C > and all 
d,s,t. This and ^ imply that 1^^=.* (e^'*) ||l2 = 0(t(™+i)^) + 0(|s|i"). But 
IKw=.*(e'*'*)||Li < vol(A^'*^*)i/2||7r„,,,t(e'*,*)||^2, and vol(Ar^^*) = 0(1). Therefore 
||7rw=,t(e'*'*)||Li = 0(t(™+i)^) + 0(|s|t™). So making J^"', 5 smaller if necessary, 
there exists C" > such that the proposition holds. □ 

If we do not impose equation (|96() then the term in (|90|l means that we 
expect ||7r„-s.t(e*'*)||^i = 0(i™), which is too big for part (i) of Theorem 15. 31 to 
hold for iV*'*, ly*'*. We can now prove the analogue of Theorem 16. 71 

Theorem 7.9 In the situation of Definitions \7J\\7.3\ making T' and S > 
smaller if necessary, there exist A2 > and k > 1 such that for all s E T' and 
t e (0,(5) with \s\ ^ t-^Wa and 

[luvn^] ■ [r^] - ^{^rrZ{L{) ■ m ] /or fc = 1, . . . , g, (98) 

the functions e'-* = (-0^)" sin6'"'* on N'-* satisfy ||£^^* 11^2^/(^+2) Aat'^+^Z^^ 
||e^'*||co ^A2t^-\ ||de^'*||i2™ «C A2t«-3/2 ^nd \\7T„s,t{£-^t)\\Li ^ Aat^+^-i, as 
in part (i) of Theorem \5.^ 

Proof. Make J-', 5 smaller if necessary so that Propositions I7.4H7.8I hold. Let 
C',C" be as in Propositions 1731 and FTHl and set =max((2n+l)C", 2C") > 0. 
Let s & P andt € (0, 5) satisfy |s| ^ ^nd (EHJ- We seek k > 1 so that 

the four bounds on e**'* hold. 
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As i < 1, \s\ i-^+^/s and A2 > (2n + 1)C", equations lSni)-(|H3 imply that 

||£^'*||i2„./,™+2,S:A2t"+'"/2, ||£«'*||c°<^2i""' and ||d£^^*||i2,„^A2t''-3/2 if 

T(l+TO/2)+r(/ij-2)^K+m/2, t(1+to/2) + (1 -r)(2- A,) ^ K + m/2, (99) 
T{fi,-2);?K-1, (1-t)(2-A,)^k-1, (100) 

-r/2 + T(^j-2) ^ K-3/2, and - t/2 + (1-t)(2-Aj) ^ k-3/2 (101) 

for all i = 1, . . . , n. As A2 ^ 2C" and i < 1, by Proposition 17.81 we have 

IKv^=.*(£'*'*)IIli =^ ^2^'^+"'-! provided 

(TO + l)r ^ K + TO- 1. (102) 

Since < r < 1 and fii > 2 the first equation of 1)99(1 admits a solution 
K > 1 provided r > (2 + m)/{2^i — 2 + m), which holds by (|7T|l . Since A^ < 
by Definition 17.11 we can suppose Xi < ^ (2 — m) by part (a) of Theorem 14.71 
applied to Li, and then the second equation of (|99|l admits a solution k > 1. 
Also implies ()10()|l and H1Q1() as r < 1. Equation H1Q2() admits a solution 
K > 1 as T > by (f7T|l . Thus (having decreased A^ if necessary) we can 

choose K > 1 satisfying (|^ - pU2|) . and the theorem is proved. □ 

Here we have restricted to pairs s e T' and i e (0, (5) with |s| < i'^+^Z^. This 
is so that the contributions C'\s\ in l|S^ - l|S7|l can be absorbed into ^42*"+™/^, 
Aai"-^ and A2t'^'^l'^. Basically, Theorem El says that if s is not too large 
compared to t, and (|98|l holds, then part (i) of Theorem 15.31 holds for A^'*'*, W''*. 



7.4 Parts (ii)-(vii) of Theorem 

Next we carry out the programme of i)6.3l and ti6.4l for families. Here is the 
analogue of Definition 16. 81 and 9, Def. 6.7]. 

Definition 7.10 For each s E J-' and t G (0, 5), we define an open neighbour- 
hood Un".* C T*N'''^ of the zero section A^"*'* in T*N'''^, and a smooth map 
: f/„..t ^ M. Let tt : T*A^'*'* ^ A^"'* be the projection. Define 

n^*(if^) = d($^, Ik) ({/x'n^*(i^)) and ^^^^^ 
'i'N=.'|(7N=.*n7r*(_ft:=) o d($^/|K) = ^%'\ux'nT^'{K), 

where : AT ^ AT" is a diffeomorphism and A{^%,\k) : 'r*A: T*K' the 

induced isomorphism. 

Following (inUl, define J7„a,t n7r*(P/'*) and <i>N=.*|[/N-'n7r*(p."'') t>y 



(104) 



n^*(i^^^*) = d(T| ot)({a e r*i^, : r^a e u,J) 

and od(T," ot)(a) = o t o ^^^{t-^a). 

Modifying ^ and define L/„a,t n7r*((5^'*) and It/N=,tn7r-(Q='') by 

(dSf )*([/„=,*) = {ia,r,i,u) e x (tT, i?')) : \{^,u)\ < (r} and (105) 

o dSf (a, r, ^, u) = o <i>c^ (a, r, ^ + ^^■*(a, r), u + ef*(a, r)) . (106) 
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The proof in [S] Def. 6.7] shows that making JT', 5 smaller if necessary, 
/7jv=.* and * are well-defined for all s E J^' and t € (0,6), and is 
an open tubular neighbourhood of A^'*'* in T*A^'*'*. Since {'T^)*{lu'^) = uj' and 

= cj we also find that <i>^s,t (ti'") = cj. Define an m-form Z?"'* on 
by = $;,.t(Imrj'*). 

Here is the analogue of Theorem 16.91 

Theorem 7.11 Making , S smaller if necessary, there exist Ai, A3, . . . , Aq > 
such that for all s d J-' and t G (0, as in (ii)-(v) of Theorem \5.!A we have 

(ii) ^ M on N"'*. 

(iii) The subset BA,tCT*N'-* of DefinitionW^lies in U^..t, and || V'=/3^'* ||co 
^Ait~^ on BaiI for fc = 0, 1, 2 and 3. 

(iv) The injectivity radius satisfies d{h^'*) ^ A^t. 

(v) The Riemann curvature R{h'^'*) satisfies \\R{h'^'*)\\ca ^ Agt^^ . 

Here part (iii) uses the notation of Definition \5.^ and parts (iv) and (v) refer 
to the compact Riemannian manifold (A^*'*, /i*'*). 

Note that here we do not require s to be small compared to t, as we did 
in Theorem 17.91 but instead parts (ii)~(v) hold uniformly over s e JT'. The 
proof is a straightforward extension of that of Theorem 16.91 to families. For 
any given s € T' the previous proof gives 5, Ai, Aj,, . . . , Aq > 0, which can be 
chosen to depend continuously on s. Then making J-' smaller, we can take 
6, Ai, A'i, . . . , Aq to he independent of s. 

Making smaller if necessary, we find that all of [5| §6.4 & §7.3] can be 
extended to {M, ,u}^ , Vl^) for s G J-' , and applies uniformly for s £ T' . Thus 
with only minor modifications we prove versions of Theorems 16.101 and 16 . 1 ll 

Theorem 7.12 Making T' and 6 > smaller if necessary, there exists Aj > 
such that for all s e J^' and t G (0, i5), if v € LKN"'*) with vw dV'* = 
for all w G W"'* then v G L2m/(m-2) (^s.t) A7\\dv\\L2. 

Theorem 7.13 Making J-' and 6 > smaller if necessary, for all s £ T' , t G 
(0,(5) and w G M^"'* we have \\d*dw\\l^2rr^/{rr^+2) ^ ^ ]]dti;lli2, where Ay > is 
as in Theorem \7.1!^ Also there exists A^ > such that for all s G , t G (0, 5) 
and w G W'* with /^,_, w dT^"'* = we have \\w\\co Ast^-"'/'^\\dw\\L2 . 

7.5 The main result for families when Y{Li) = 

Here is our first main result for desingularization in families, the analogue of 
Theorem 15.51 when we do not assume that X' is connected. 
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Theorem 7.14 Suppose {M, J,u!,fl) is an almost Calahi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi,...,Xn and cones 
Ci, . . . , Cn- Define -0 : M — » (0, oo) as in Let ii, . . . , L„ he Asymptotically 
Conical SL m-folds in C™ with cones Ci, . . . , C„ and rates Ai, . . . , A„. Suppose 
X,<Ofori^l,...,n. Write X' ^ X \{xi, . . . ,Xn} and Si = C^nS^"'-^. 

Set q = b'^(X'), and let X[, .... X'^ be the connected components of X' . For 
i = 1, . . . ,n let li = b^{Y^i), and let . . . , S'' be the connected components of 
Ei. Define k{i,j) = 1, . . . ,q by Ti o ipi{j:l x (0, i?')) C ^fc(jj) for i = 1, . . . ,n 
and j = l,...,li. Suppose the compact m-manifold N obtained by gluing Li 
into X' at Xi for i — 1, . . . ,n is connected. A sufficient condition for this to 
hold is that X and Li for i = 1, . . . , n are connected. 

Suppose {(M, J^w^^)^) : s e T] is a smooth family of deformations of 
{M,J,uj,n), with base space T C M''. Let : i72(^,R) ^ iJ2(M,K) he the 
natural inclusion. Suppose that 

[lo"] ■ i4"f) ^ for all s e T and J G H2{X,R). (107) 

Define C x (0, 1) to be the subset of (s,t) G x (0, 1) with 

[Imn^] ■ [Xl] ^ t"^ J2 ^ix,rZ{L,)-m] fork^l,...,q. (108) 

Then there exist e e (0, 1) and k > I and a smooth family 

{N''' ■.{s,t)eg, t£{0,e], (109) 

such that iV"'* is a compact, nonsingular SL m-fold in {M, J'^ ,lu'^ diffeo- 
morphic to N , which is constructed by gluing tLi into X at Xi for i ~ I, . . . ,n. 
In the sense of currents in Geometric Measure Theory, TV*'* — > X as s,t ^ 0. 

Proof. The hypotheses of the theorem imply that conditions (i)-(iii) of Definition 
Ohold. Let J^', S and N"'* for s S J^' and t e (0, S) be as in Definition O and 
W**'* as in Definition 17.31 and make JF' and 5 > smaller if necessary so that 
Theorems El WJT\ TTJ^ and apply. Theorems EH 17111 TTJ^ and 171^ now 
give K > 1 and Ai, . . . ,As > 0. We show that cos 6**'* ^ ^ on iV"'* for small s, t 
as in the proof of Theorem 16.121 

Let e, -ftT > be as given in Theorem 15 . 31 depending on k, ^i, . . . , and m, 
and make e > smaller if necessary to ensure that e < 6, and that if s G JF 
with \s\ ^ e«+'»/2 then s e T' and cos6''''* ^ ^ on N"'* for t e (0,e]. Let G 
be as in the theorem, and suppose {s,t) G G with t G (0, e] and \s\ ^ ^k+™/2^ 
Then s G .f', as |s| ^ i^+^Z^ ^ 

Theorem El shows that part (i) of Theorem lO holds for N^'^W^*, as 
\s\ ^ i«^+™/2 and lEHI) holds by choice of s,t. Theorems EIH EH and EH 
show that parts (ii)-(v), (vi) and (vii) of Theorem Ohold for TV'*, W'^K Thus 
as i ^ e, Theorem 1^31 shows that there exists a nearby compact, nonsingular SL 
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m-fold N"'* in (M, ,bj^ , $7*), as in (|109|l . The remaining conclusions follow as 
for Theorem EI2 □ 

Putting d = and = {0} = W^, Theorem Fm reduces to Theorem ICT 
Equation (|1U7|I is a necessary condition for the existence of any Lagrangian 
m-fold A^'*'* in (M, J**, w**, fi**) desingularizing X. However, (|108f) cannot be 
justified in the same way, and actually it's suflicicnt for [Imri**] • [X] = to hold 
exactly (this follows from the sum of H108|l over k = 1, . . . ,q) and for (|108l) to 
hold only approximately, that is, up to terms of order 0(i''+'"~^). 

If X' is connected, so that q = 1, then as for Theorem 16 . 1 31 the right hand 
side of (|108|l is zero automatically. Then the theorem simplifies to give: 

Theorem 7.15 Let {M, J,LU,fl) be an almost Calabi~Yau m-fold and X a 
compact SL m-fold in M with conical singularities at Xi,...,Xn and cones 
Ci, . . . , C„. Let Li, . . . , Ln be Asymptotically Conical SL m-folds in C™ with 
cones Ci, . . . , C„ and rates Ai, . . . , A„. Suppose Ai < for i = 1, . . . , n, and 
X' = X \ {xi, . . . , Xn} is connected. 

Suppose {(M, J",w",17") : s G jr} is a smooth family of deformations of 
{M,J,uj,n), with base space T C M''. Let t* : H2{X,R) iJ2(M,M) be the 
natural inclusion. Suppose that 

[cj"] ■ t,(7) = for all s e T and 7 £ H2iX,R), and 
[ImO"] ■[X]=0 for all s e T, where [X] £ H^{M,R). ^ ' 

Then there exist e > and n > 1 and a .smooth family 

{N'-^-.seJ", te(0,e], |s| ==; t^+^Z^}, (111) 

such that A^'*'* is a compact, nonsingular SL m-fold in (M, J^,lu'^, ^'^), which is 
constructed by gluing tLi into X at Xi for i — 1, . . . ,n. In the sense of currents 
in Geometric Measure Theory, N^'* X as s,t — > 0. 

Putting d = and T = {0} = M'', Theorem rTTCl reduces to Theorem ICTI 
When s — the SL m-fold A^"'* in Theorem 17.151 coincides with the SL m- 
fold A^* in {AI, J,uj,il) constructed in Theorem 15.41 Now given the compact, 
nonsingular SL m-folds iV* in Theorem l5.4l we can apply Theorem 12. 91 to prove 
the existence of SL m-folds iV**'* in (M, J'*, w", for s small compared to t. 

Thus, much of Theorem 17.151 follows from Theorems 12.91 and 15.41 The new 
feature is that when t is small \s\ ^ ^«+m/2 jg sufficient for the existence of iV*'*, 
whereas Theorems 12.91 and 15 .41 give no quantitative restrictions on s,t. 

However, Theorem 17.141 does not follow from Theorems 12.91 and 15.51 This 
is because Theorem 17.141 can prove the existence of desingularizations A^'*'* in 
(M, J*, a;'', r2*) for s 7^ in cases when there do not exist desingularizations iV* 
in {M, J,uj,V,) because (PH|) does not hold, so Theorem 15 . 51 does not apply. Ef- 
fectively, by deforming (M, J, w, f2) in a family T we can overcome obstructions 
to desingularizing X in the single almost Calabi-Yau m-fold (M, J,uj,^l). 
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8 Desingularizing in families when Y{Li) ^ 



Finally we extend the material of fJS] to families of almost Calabi-Yau ?7i-folds 
(M, J'', w'', fJ'') for s E J-. There are topological obstructions to defining a La- 
grangian m-fold iV"'* in {MjUj") by gluing tLi into X at Xi, as [w^'Iats.*] may 
be nonzero in i/^(7V'*'*, M). Because of this, we can only define iV^'* as a La- 
grangian m-fold for (s, t) in a subset Q oi (0, 1), satisfying an equation (|12()|l 
involving [w''], i and Y{Li) for j = 1, . . . , n. 

8.1 Setting up the problem 

We shall consider the following situation, combining Definitions 16 . 1 1 and 17.11 

Definition 8.1 Let {M, J,uj,il) be an almost Calabi-Yau m-fold, and X a 
compact SL m-fold in M with conical singularities at xi,. . . ,Xn with identi- 
fications Vi, cones Ci and rates fit. Let Li, . . . ,L„ be AC SL m-folds in C", 
where Li has cone Ci and rate for i = 1, . . . , n. As in Definition 12.71 let 
{(M, J'*,w*,J7'*) : s G J-"} be a smooth family of deformations of (M, J, lj, il), 
with base space c M''. 

Set q — 6" (A"'), so that X' has g connected components, and number them 
X[, . . . ,X'^. For i — 1, ... ,n let li = b°(T,i), so that has connected compo- 
nents, and number them E^, . . . , E'*. If T^, <y9i. Si are as in Definition 13.41 then 
Ti o (fi is a diffeomorphism E^ x (0, i?') Si C X' . For each j = 1, . . . , Z^, 
Ti o ((5i(E^ X (0, i?')) is a connected subset of A"', and so lies in exactly one of 
the A"^ for k = \, . . . ,q. Define numbers k{i, j) — 1, . . . , g for i = 1, . . . , n and 
j = l,...,li. by Ti o tpi{j:l X (0, i?')) C -'^fe(ij)- Suppose that: 

(i) The dimension m satisfies 2 < m < 6, and 

(ii) The AC SL 771- fold Li has rate Ai ^ for i = 1, . . . , 71. 

(in) [Imn''] ■ [Tk] = for all s e and fc = 1, . . . , g, where [Tk] G i7,„(M,R). 

(iv) ^ i^{x,rZ{L,)-m]=Oior a\lk = l,...,q. 

(v) Let A^ be the compact m-manifold obtained by gluing Li into X' at Xi 
for i = 1, . . . , n in the obvious way. Suppose A^ is connected. A sufficient 
condition for this to hold is that X and for i = 1, . . . , 7i are connected. 

Let g, ip, R, Br, E^, i,, T^, C, Uc, , , R', K, (pi, iji, ■q],'qf,Si, Ux',^x' , H, 
TTi ,T, Ki, Lpi,Xi,Xi ,^Li,Ei and A be as in Definition 16.11 Define 

• Let V = H^g{X','R) be a vector space of smooth closed 2-forms on X' 
supported in K representing 7J^g(A'', M). 

• Let Y{Li) G i7i(E,,,R) be as in Definition Ol Then by Hodge theory 
there exists a unique ji G C°°(T*Ei) with dji ~ d*ji — and [7^] = 
Y{L,) G iJ^(Ej,M). Let tt,, ; Ej x (0,i?') Ej be the projection. 
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• Define vj G i?2_,(X',R) to be the image of {Y[Li)^ . . . ,y(L„)) under the 
map 0"^ii?i(E,,R) H^^{X',R) in ®- hct (3 e V he the unique 
element with = tu. 

• Choose i^i G (0, — 2) with (0, 1'i] n = for z = 1, . . . , n. 

• Apply part (b) of Theorem 13.61 with ji and /? as above. This gives a G 
C°°(T*X') with da = /3, d*(V'™a) = and |VJa| = 0(p"^"^) for fc ^ 0, 
and Ti G (Si x (0, R')) for i = 1, . . . , n with 

(T, o0j)*(a) =7r*(7,) + d7:, on E, x (0, i?') for i = 1, . . . , n, and (112) 
V^Ti{a, r) = 0{r'''^^) as r 0, for all j > 0. (113) 

• Apply Theorems 121121 and EEl to X and {(M, w^ f^'') : s G J"} 
with V as above. This gives an open set T' Q T with G J^' and 
■0*, 1^1, T|, i^*, <i>^/ for s £ J-' with v" &V depending smoothly on s, sat- 
isfying l(rf|l and 

• Define a function G C°^\X') for s G J^' by ($^,,)*(Iml7*)|x' = P AV . 
As in (|81|l . we can show that VV' = 0{p^+'\s\) for all j ^ 0, where 
p : X' (0, 1] is a radius function, as in Definition 13.51 Part (iii) above 
implies that J-^, dV = for all s £ J^' and k — 1, . . . ,q. 

k 

• Using VV'' = 0(p^+^ |s|) and Jy, dV = we can apply part (c) of 
Theorem 13.61 to on X'f,, for s G T' and fc = 1, . . . ,q. This gives exact 
1-forms on X'j, and functions on x (0,i?') for k{i,j) = k. 

Put these 1-forms and functions together for all k to give an exact 1-form 
on X' with d^^'^gl) = f and functions G C°°(E, x (0,i?')) with 
(T,o<^,)*(^^«) = dZf onE,x(0,i?')fori = l,...,n. As f = 0{p'+^s\), 
we find that 

\V^g'\ = 0{p-^-^\s\) and V^Z,f(CT,r) = 0(r''--^>|) for aU j ^ 0. (115) 



Observe that parts (iii) and (iv) above are equivalent to requiring that both 
sides of (|108|l are zero. To prove a more general result, we would prefer to replace 

(iii) and (iv) with the single condition pU8|) . However, part (iii) is necessary 
for the existence of and above, and this together with pU8|) implies part 

(iv) . We will discuss this further after Theorem l8.9l 

Next we define m-submanifolds iV^^* in AI for s E T' and t G (0, 5), adapting 
Definitions 16 . 21 and 17 . 21 It will turn out that iV"'* is only Lagrangian in {M,uj^) 
if [a;*] • L^{-f) = t^w ■ 7 for aU 7 G H2{X,M). However, we still define A^*'* for 
all s,t, as it will be useful that Af'*'* depends smoothly on s,t. 
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Definition 8.2 We work in the situation of Definition 18.11 For i — 1, . . . ,n, 
s & J-' and small t > 0, define P/*'* = Tf(tKi). Then P^^'* is Lagrangian in 
(M, w*), as in Definition 17.21 Let F and r be as in Definition 16.21 Modifying 
for i = 1, . . . , n and t > with tT < V < 2V < R' , define a closed l-form 
^* on X (iT, R') by 

C^* (a, r) = d [Pr -r) A, (a, r) + (1 _ j^(i-r^))^^ ^- V)] 

+ <'<(7^) + tM[Fit-W)T,ia, r)] + d[P(t->)Z,^(a, r)] 
= P(t-^r)77,(a,r) +t-^P'(t-^r)A,(a,r)dr 

+ t2(i_F(t-^r))x,((T,i"V) -i2-^F'(t-^r)P,((7,t-V)dr 
+ <2j7(t-T^)(T, o r) + t^-^F'it-^r)T,ia, r)dr 

+ F{t-W){T,o<j>,)*{g'){a,r) +t-^F'{t--r)Zt{a,r)dr. 

Let ^i'"'* be the components of in T*I] and K. Then when r ^ 2t'^ 
we have = rji + t^{Ti o (j)i)*{a) + (T^ o (l)i)*{g^), and when r < P we 
have Ci'*(cr,r) = t^Xii<^,t'^r). Choose (5 e (0,1] with ST S'' < 25^ ^ P', 
Ji^iCPflCC™ and |^-'*(cr,r)| < (r on x (iT,P') for eill i = 1, . . . ,n, s e T' 
and t G (0,(5). Making smaller if necessary, this is possible. Following (|74|) . 
for j = 1, . . . , n, s e J^' and t £ (0, 6) define S^'* : x {tT, R') M by 

5f (a, r) = o (a, r, e,'^^'* (a, r), i^'^' (a, r)) . (117) 

Define Qf* = ^^''(Sj x (tT, P')) for i = 1, . . . , n, s e JT' and t e (0, (5). As in 
Definition l7.2l we find that Q^'* is Lagrangian in (M, a;*). 

Modifying Definition 16. 21 let r(i^a + g^) be the graph of the l-form + 
in P*X'. Then T{fa + p") n tt*{K) C r*P is the graph of [t^a + e")!^. By 
compactness of PT, making J-' and (5 > smaller if necessary, we can suppose 
that T{t^a + g") n 7r*(P) C Px' for all s G JT' and i G (0, 6). Define 

P"'* = $^,(r(<2a + g") n7r*(P)) for s G J^' and < G (0,5). (118) 

Then P*'* is a submanifold of M with boundary, diffeomorphic to P. 

We calculate when P*'* is Lagrangian in (M, w*). Write 6*'* for the natural 
diffeomorphism P ^ P*'* given by ° (*^o; + g'')\K- Now ($x')*('^'') = 
w + 7r*(i/'') by 1114|l . Pushing down by tt : T{t'^a + g^) X' gives 

{i'^^'riuj') = 7r,((i|r(t2„+^.)) + = -d(t^a + g') + = -f[3 + (119) 

by some standard symplectic geometry, and as da = (3 and is exact. 

Hence P*'* is Lagrangian in (Af, w*) if and only if = t^p. But j/",/? G F 
and y = P^g(X',M) by Definition 18.11 so P^'* is Lagrangian if and only if 
[j/"] = in P2_^(X',R), as = w. Now Theorem IXHl identifies [v^] as the 
unique class in p2^(X',R) with [t^"] - 7 = [w^ • ^^(7) for aU 7 G P2(^,R), where 
i* : H2{X,W} P2(M,R) is induced by the inclusion l : X ^ M. Therefore 
P*'* is Lagrangian in {M,lo^) if and only if 

[w'*] . 1,(7) =^2^.7 for all 7 G P2(^,]R). (120) 
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Define Q CT' x (0,(5) to be the subset of (s,t) satisfying fMiji . Then if"'* 
is Lagrangian in (M, w*) if and only if (s,i) G 5- For s e JT' and t S (0, i5), 
define TV"-* to be the disjoint union of K'^\ Pl'\ Pf/ and Ql'\ ...,Q'/. 
Then A'^'*'* is a compact, smooth m-submanifold of M without boundary, which 
depends smoothly on s,t. The proof of this follows Definitions 15 . 21 and 17 . 21 with 
simple changes. Also N^'*^ is Lagrangian in (M, w*) if and only if (s,t) G Q. 

Let /i"'*, dV'*, e*^°'* and e"'* = (-0")™ sin6'"'* be as in Definition 

Here equation p2(J|) is a weakening of the combination of part (iii) of Defini- 
tion l5.1l and part (ii) of Definition l7.ll For by exactness in 10 and the definition 
of w, we see that part (iii) of Definition 16 . II admits a solution g if and only if 
w = 0. But if = then H12l)|l becomes part (ii) of Definition 17. II Thus part 
(iii) of Definition 16.11 and part (ii) of Definition 17.11 together imply (|120|l , but 
not vice versa. 

It is not difficult to see that H120|l is a necessary condition for the existence 
of a Lagrangian m-fold N^'* in (M, w'*) made by gluing tLi into X at Xi for 
i — 1, . . . ,n, just as part (iii) of Definition 16. II and part (ii) of Definition 17.11 
were necessary for the existence of Lagrangian m-folds A^* and N'^'* in ^ and 
13 The definition shows that H120() is also a sufficient condition for small s,t. 

In E3we saw that Imrj^'lTv^.t is 0{\s\) on if^ The condition \s\ ^ t^+^/s 
in Theorem 17.151 is there to control these 0{\s\) error terms. However, in this 
section we will need to allow \s\ = 0{t^), so we cannot require \s\ ^ ^k+™/2_ 
Therefore, an 0(|s|) contribution to Imrj^l^vs.* on K^'* is unacceptably large in 
this section. 

This is the reason for using the exact 1-form g'^ and functions Zf to construct 
A^"'*. They will have the effect of cancelling out the 0(|s|) contributions, so 
that Imrj'*|jvs.* = 0(|sp) on A'"'*. We could have used g" and Z| in the same 
way in Sj7| and so relaxed the condition |s| ^ ^K+m/2 Theorem l7.15l 

Here is the analogue of Definitions 16.31 and 17.31 

Definition 8.3 In the situation of Definitions 18 . II and 18 . 21 define vector spaces 
W"'* C C°°(A^'*'*) for s e r and t e (0,(5), elements w^'* e W^* for d e M«, 
and the projection ttw^.*, exactly as in Definition 17.31 except that in (i) we 
replace by i^T'*'*, and define w^* = dk on the fc*^ connected component of 
K"'* diffeomorphic to AT n X'^. 

8.2 Estimating Imf2*|Ars,t 

We now bound e*'* on N"'*, which yields estimates of Imf2"|^s,t as Imfi^j^s,* = 
e*>*dy'*. As this still makes sense if iV*'* is not Lagrangian, we do it for all 
s ^ J-' and t G (0, (5), rather than for (s, t) G Q. Then we can exploit the smooth 
dependence of A^"'* on s,t, including at (0,0) in a certain sense. Here is the 
analogue of Propositions 16.41 and 17.41 

Proposition 8.4 In the situation above, making T' and (5 > smaller if nec- 
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essary, there exists C > such that for all s £ J^' and t € (0, (5) we have 

\e'''\^C\s\^ + Ct\ Ide'^'l ^ C\sf + Ct^ on K'^\ (121) 

'Cr, re(tr,r], 



|(sfr(e^'*)|(<^,0<r'X(i-r)(2-AT, ^X(l-2) ■ re(r,2r), (122) 



c\s\e^'''-^^ +c't4-4^+cr(M.-2) 
fc, re(<r,r], 

|(Sr*)*(de^'*)|(a,r) re(r,2r), (123) 

[c|s|2r-5 +C^V-^ re[2r,i?'), 
OKd |e"'*|<Ci, |d£'*'*|s;C on P-'^ for all i ^ I, . . . ,n. (124) 

ffere | . | is computed using h^'* or (S^'*)*(/i^'*). 

Proof. The proof combines those of Propositions l6.4l and l7.4l so we wiU be brief. 
Identify K'^^'^ and x [2t'^,R')) with the corresponding regions in X' in 

the natural way, so that we can regard as a function, a, as l-forms and h 
as a metric on these regions in iV*'* rather than X' . Generahzing the proof of 
(gni) and ijlZl we find that on K"^* and 'Ef/ {T.^ x [2r,i?')) we have 

e''' = f-'-dl,{{rr{t'a+Q^))+0{p-^\t^a+Q^\^)+0{\t^Va+yB^\^) 

when p~^\t'^a + g'^l, |i^Va + Vp*| are smaU. Here d* j is d* calculated using /i**'*, 
and we use |V^a| — 0{p~^^^) and iV^gi"! = 0{p^^^^ \s\) in the second line. 

Now h'^* + 0{t^p-^ + |slp-2) and V{h''' - h) ^ 0{t^p-^ + \s\p-^) in 
these regions, and ^jj'^ ~ tp + 0(|s|), V(V''* = C>[p^^\s\), so we find that 

dl.amt^a + g^)) = d*(^™(t2a + g^)) + 0{p-'{\s\ + t')\t'a + g^\) 

+ 0{p-'{\s\+t')\W{t^a + gn\) (126) 
^f^ + 0{p-^\s\'+p-H'')^ 

estimating as in H125|l . Here d* is calculated w.r.t. h, and we use d*{ip"^a) = 
and d*(?A™£<") = on X' . Combining ifT^ and l(T^ gives 

e^'* = 0{p'^\s\^ + p-H^) onK''' andEf{j:,x[2t\R')). (127) 

A similar proof for derivatives shows that 

|de^^*| = 0{p-^\s\^ + p-h^) on K'^' and S^'*(E, x [2t\R')). (128) 

As = 0(1) on i^"*'*, equations (|127|l and (|128|l imply 1121(1 for some 
C > 0, making smaller if necessary. Also, (I127|l and ((128(1 prove the 
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bottom lines of l(T^ and ((1^ for some C > 0. On P-'* and S^'*(Sj x {tT, V]) 
the definition of A^^^* coincides with Definition 17.21 Thus, equation (1 12411 and 
the top fines of p22|) and (|123|l fofiow from ProDOsition l7.4l 

The middle lines of (|122|l and H123|) are proved as in Proposition lt).4l adapted 
to the families case as in Proposition l7.4l The additional terms C\s\t'^^'^^~^'> and 

appear in (|38|l and (|39|l are there to bound terms in 
e"'* coming from terms in Zf in (|116|l . in particular t^'^F'{t^'^r)Zf{a,r)dr and 
its derivatives. This completes the proof. □ 



The purpose of including the and g'' terms in Definition l8 . 21 was to arrange 
for the f terms in (|125f) and H126|) to cancel, so that the estimate (|127|l has 
no 0(|s|) terms, but only 0(|s|2) terms. Propositions 16 . 51 and 17 . 51 immediately 
generalize to give: 

Proposition 8.5 For some C > and all s G JT' and t G (0, S) we have 



+ ^(^(^--2) + i2+r(..-2) ^ |_,|ir(..-2)) 

2=1 

Ik'^llco ^ C'(|5|2i-4r ^ ^4-4r ^ ^(l-r)(2-A) 

+ + t2+r(..-2) ^ |_,|ir(..-2)) 

j=l 

arid llde^'ii^™ sc: C'i-^/^ (jspt-^- + <4-4r ^ ^(l-r)(2-A) 
n 



i=l 



(129) 



(130) 



(131) 



computing norms with respect to the metric h"' on N 

Note that putting s = in Propositions 18.41 and 18.51 gives Propositions 
and l().5l Parts (iii) and (iv) of Dcfinition l8.1l implv that (|96p holds, and therefore 
Proposition generalizes to give: 

Proposition 8.6 Making ,5 smaller if necessary, there exists C" > such 
that for all s e T' and t e (0,(5) we have ||7r„,s,t (£*>*)||ii s$ C"i("+i)^+C"|s|t™. 



Here is the analogue of Theorems 16.71 and 17.91 

Theorem 8.7 Making T' and (5 > smaller if necessary, there exist A2 > 0, 
K > 1 and -d G (0,2) such that for all s ^ J-' and t G (0,(5) with \s\ ^ t"^ , 
the functions e''* = (V-")" sine**'* on N''* satisfy ||^2„/(„+2) ^ A2t'"+™/2, 
||e"'*||c« A2i""\. ||de^'*||L2™ < A2t«-3/2 and ||7r„..,t(e^^*)||ii s$ A2t''+'"-i, as 
in part (i) of Theorem \5.3l 
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Proof. Choose k > 1 as in the proof of Theorem K.7\ but requiring that strict 
inequahty hold in (|57|l and (|58|l . This is clearly possible. Then all the terms in 
((T^ . lfnn|) . lfnT|) not involving \s\ are bounded by multiples oft'^+"'/^, t"''^, 
respectively, as in the proof of Theorem 15. 71 
For the term CT^i+^Z^) • Ispt"*^ in ifT^ to be bounded by a multiple of 
^K+™/2 ^Yien \s\ < t^, it is enough that . t^-d . ^-4r <j gj^^^^g 

t e (0, 1), this holds if r(l + m/2) + 2?9 - 4r > k + m/2. In the same way, for 
all the terms in p29|) . (|130|1 . (|131|l involving |s| to be bounded by multiples of 
^K-i^ ^K-3/2 respectively, it is enough that for i = 1, . . . , n we have 

r(l + m/2) + 2i?-4T T{l+m/2)+-d+T{iy,-2) ^ K+m/2, (132) 

2i9-4r^K-l, ^ + t{i',-2)^h-1, (133) 

-t/2 + 2i9-4t ^ K-3/2, -r/2 + i9 + t(m, - 2) ^ /t - 3/2. (134) 

As r < 1, equations H133(l and l|134(l follow from (|132(l . Thus, we need to 
choose d S (0,2) such that H132|l holds for i = 1, . . . ,rt. This is possible as k 
was defined to satisfy the first equation of (|57|l and the second equation of H58|l 
with strict inequalities. With these values of k and i?, the theorem follows from 
Propositions ESI and IH21 with A2 = max(3(n + 1)C", 2C"). □ 

The inequality ?9 < 2 in Theorem l8.7l is important for the following reason. If 
w 7^ then p2U|) implies that < D\s\ for some D > and all small (s, t) G G- 
Combining this with \s\ ^ gives \s\ < D^/'^\s\^/'^ . U -& > 2, ov 'd = 2 and 
D < 1, then this fails for all small nonzero s. 

That is, if we had i? ^ 2 in Theorem l8.7l and w then the condition \ s\ ^ 
would have excluded all small (s, t) e Q, so the construction would produce no 
compact SL m- folds N'^'^. But as < 2 the condition \s\ ^ includes all small 
{s,t) G Q with \s\ = 0{t'^), which will in general be a nonempty subset of Q. 

We may extend Definition 17. 1 Ul and Theorems 17 . 1 II I? . 1 31 to the situation of 
this section in a straightforward way, by including the modifications introduced 
in Definition l6.8l and Theorems 16 . 9I - I^TT1 and there are no significant new issues. 
Thus we prove: 

Theorem 8.8 Theorems \7.11}^.lS\ hold in the situation of Definitions \8. 1^8. 31 



8.3 The main result for families when Y{Li) 7^ 
Here is our main result, the analogue of Theorem 16 . 1 21 for families. 

Theorem 8.9 Let (M, J, a;,r2) he an almost Calabi-Yau m-fold for 2<m<6, 
and X a compact SL m-fold in M with conical singularities at Xi,...,Xn 
and cones Ci,...,C„. Define : M (0,00) as in (|2J). Let Li,...,L„ 
be Asymptotically Conical SL m-folds in C™ with cones Ci, . . . , C„ and rates 
Ai, . . . , A„. Suppose Xi ^ for i ~ 1, . . . , 71. Write X' ~ X \ {xi, . . . , Xn} 
and = C, n52™-i. 
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Set q = b^{X'), and let X[, . . . , X'^ be the connected components of X' . For 

i — 1, . . . ,n let li — 6°(S]i), and let . . . , T,\' be the connected components of 

Ei. Define k{i,j) ^ 1, . . . , q by Ti o x (0, i?')) C ^fe(ij) fori^l,...,n 
and j = 1, . . . ,li. Suppose that 

iPix,rZiL,)-[m^O for all k^l,...,q. (135) 

Suppose also that the compact m-manifold N obtained by gluing Li into X' at 
Xi for i = 1, . . . , n is connected. A sufficient condition for this to hold is that 
X and Li for i = 1, . . . , n are connected. 

Suppose {(Af, J^w^^]'') : s e J^} is a smooth family of deformations of 
{M, J,UJ,^l), with base space T C M'', satisfying 

[Imfl'] ■ [Xl] ^ for all s eT and k^l,...,q. (136) 

Define vo G i7^g(X',R) to be the image of (y(Li), . . . ,y(L„)) under the map 
0"^i iJ^S^^K) ^ iJ2^(X',R) in ®. Define C J^- x (0, 1) to be 

Q={[s,t)c^T (0,1) : ■ t,(7) ^t^w-i for all -f e H2iX,M.)}, (137) 

where : H2 {X, M) — > H2 (M, M) is the natural inclusion. 

Then there exist e G (0, 1), k > 1 and G (0, 2) and a smooth family 

{N'^' ■.{s,t)eg, te{0,e], Isl^t""}, (138) 

such that iV^'* is a compact, nonsingular SL m-fold in {M, J"^ ,lu'^ diffeo- 
morphic to N , which is constructed by gluing tLi into X at Xi for i — 1. . . . , n. 
In the sense of currents in Geometric Measure Theory, iV*^* — > X as s,t ^ Q. 

The proof follows that of Theorem 17.151 but using Theorems 18.71 and 18.81 
to prove parts (i)-(vii) of Theorem 15.31 for N^'*- and M^"'*, for {s,t) G Q. Here 
the restriction to {s,t) g C/ is because iV"'* is only Lagrangian in (M, w'') if 
H12l)|l holds, from Definition 18.21 and Theorem 15.31 applies only when iV*'* is 
Lagrangian. 

When vj — Q the SL m-fold 7V°'* above coincides with the SL m-fold TV' 
of Theorem 16.121 More generally, as in ii7.5l when tu = much of Theorem 
18.91 follows from Theorems 12.91 and 16.121 However, when n7 ^ there exist 
no desingularizations iV°^* of X in (M, J, u;,ri), but Theorem 18 . 91 can still give 
desingularizations iV"^* in (Af, J", w", il*) for s 7^ 0. That is, by deforming 
{M , J,u),^) to {M, J^, w", ri") we can overcome the topological obstructions to 
desingularizing X in (AT, J, w,^). 

Theorem 18.91 is essentially a combination of Theorems 16.121 and 17.141 How- 
ever, Theorem 17. 141 assumes the [Imi7'*] and Z{Li) satisfy (|1U8|I . whereas The- 
orem assumes the stronger (|135ll and (|136l) . which together imply (|108|l . It 
is natural to ask whether Theorem 18.91 still holds with the weaker assumption 
ifin^ in place of lfT'!K|l and lf]lH|l . 



52 



The answer to this ought really to be yes, as was a technical condition 

introduced to ensure that and exist in Definition 18. II and with some more 
work one should to be able to do without it. However, such a revised theorem 
would suS^er from the following problem. 

Suppose s,t satisfy both H1U8|) and equation [w*] ■t*(7) = t^ru-j in (|137|) . If 
w ^ then (|137|) imphes that = 0(|s|), and we expect \s\ t^. If the right 
hand side of H1U8|I is nonzero then it gives t™ = 0(|s|), and we expect \s\ « i™. 
These conditions are not compatible, as to > 2. The two kinds of obstruction 
need to be resolved at different length scales. 

Actually this is not a serious problem, provided the family !F has large 
enough dimension. There could still exist a family of solutions (s, t) to p()8|l 
and fT?7|) with \s\ w and [ImQ'] ■ [Xl] ^ 0(|s|"'/2) = 0(t™) for fc = 1, . . . , g. 

If X' is connected then (|135|l holds automatically as in i)6.5l and (|136|l 
simplifies to [Imfi*] • \X\ — 0, giving an analogue of Theorem 16 . 1 31 for families: 

Theorem 8.10 Let {M, J,uj,n) be an almost Calabi~Yau m-fold for 2<m<6, 
and X a compact SL m-fold in M with conical singularities at 
cones Ci, . . . , C„. Let Li, . . . , L„ he Asymptotically Conical SL m- folds in C™ 
with cones Ci, . . . , C„ and rates Ai, . . . , A„. Suppose ^ for i — 1, . . . , n, 
and X' = X \ {xi, . . . is connected. 

Suppose {(M, J*, a;*, fi'') : s G J-^ is a smooth family of deformations of 
(M, J,uj,^), with base space T C M"^, satisfying 

[Imn'] ■ [X] ^ for all s e T, where [X] e H,niM,R). (139) 

Define w e iJ^s(X',R) to be the image of . . . ,y(L„)) under the map 

0"^i i?i(E„R) ^ HlJyX'.W) in ®. Define ^ C J" x (0, 1) to be 

g = {{s,t) e j^x (0,1) : [uj"] ■ L^j) ^ t^zu ■ -f for all 7 G H2{X,R)}, (140) 

where ; H2{X,R) —^ H2{M,M) is the natural inclusion. 

Then there exist e G (0, 1), k > 1 and S e (0, 2) and a smooth family 

{N'^' ■.{s,t)eg, te{0,e], IsKi"}, (141) 

such that A^'*'* is a compact, nonsingular SL m-fold in (M, J*', lj*, fl'^), which is 
constructed by gluing tLi into X at Xi for i — 1, . . . ,n. In the sense of currents 
in Geometric Measure Theory, N^'* — > X as s,t — > 0. 

When d = and = {0} = R'^ equations ifT^ and ((n5|l hold automat- 
ically, and Q in p37|l and H140|l is nonempty if and only if nj — 0. But by 
exactness in (j^J, nj = is the necessary and sufficient condition for the exis- 
tence of g in Theorems 16.121 and 16.131 Therefore, when d ~ Q Theorems 18 . 91 and 
18. 101 reduce to Theorems 16. 121 and 16. 131 respectively. 
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